CYCLOTOMIC DOUBLE AFFINE HECKE ALGEBRAS 
AND AFFINE PARABOLIC CATEGORY O, I 



M. Varagnolo, E. Vasserot 

Abstract. Using the orbifold KZ connection wc construct a functor from an affine 
parabolic category O of type A to the category O of a cyclotomic rational double 
affine Hecke algebra H. Then we give several results concerning this functor. 



Introduction 

Fix positive integers n, £. Let W be the wreath product of ©„ and Z/^Z. The cy- 
clotomic rational double afRne Hecke algebra H is a deformation of the semi-direct 
product C[C^"] >} W. Its category O is a quasi-hereditary cover of the Ariki-Koike 
algebra, see [R] . One important problem is to compute the dimension of the simple 
modules of the category O of H, or, equivalently, the Jordan-Holder multiplicities 
of the standard modules. So far the main approach to the representation theory 
of double afhne Hecke algebras associated with complex reflection groups is geo- 
metric and uses D-modules on quiver varieties. However a dimension formula for 
simple modules seems out of reach yet by these techniques. It is expected that 
the Jordan-Holder multiplicities of the standard modules are values at one of some 
affine parabolic Kazhdan-Lusztig polynomial, see [R, sec. 6.5]. We'll call this the 
dimension conjecture. See Section 8 below for details. These multiplicites are 
encoded in a combinatorial object called the level £ Fock space. 

li £ = 1 the dimension conjecture is proved. It follows from [R] and [VV], or 
from [Su2] and [V] . In this case there is another algebraic approach to the algebra 
H due to Suzuki. He constructed a functor from Kazhdan-Lusztig's category of 
modules over the type A^^^^ affine Lie algebra to the category O of H. We give 
a proof that this functor is an equivalence in Section A. 5 below. This functor 
is constructed via affine coinvariants over the configuration space of and the 
Knizhnik-Zamolodchikov connection. 

In this paper we construct a similar functor for any £. The new ingredient is 
the space of orbifold affine coinvariants over the configuration space of the stack 
[P^/(Z/ffl)] and the corresponding Knizhnik-Zamolodchikov connection. A priori 
this space of coinvariants involves a choice of a twisted affine Lie algebra. Choosing 
an inner twist of the type A^^^^ affine Lie algebra, we get a functor £ from an affine 
parabolic category O to the category O of H. Then we study £, in particular its 
behavior on standardly filtered modules. We do not prove the dimension conjecture. 
Contrarily to the case i — 1 mentioned above, the functor £ is not an equivalence of 
quasi-hereditary categories in general. However, we expect the functor £ to be an 
important tool to prove it. In particular £ should behave nicely on indecomposable 
projective modules, as explained in this paper. We'll come back to this elsewhere. 
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Let us now describe the structure of the paper. The first and second sections are 
reminders on DAHA's (=double affine Hecke algebras) and Suzuki's functor. In the 
third one we consider the case 1^1. Using the orbifold Knizhnik-Zamolodchikov 
connection wc define a functor taking a smooth module over a twisted affine Lie 
algebra to a H-module and we compute the image of parabolic Verma modules. In 
the fourth section we compare the space of twisted affine coinvariants and the space 
of non- twisted ones when the affine Lie algebra is equipped with an inner twist. In 
the sixth section we define the functor €. It goes from the affine parabolic category 
O of type A'^^ to the category O of H. We prove that £ preserves the posets of 
standard modules and is exact on standardly filtered modules in section seven. We 
conjecture that it preserves the set of indecomposable projective modules. In the 
last section we compare (£ with what one expects from the dimension conjecture. 
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0. Notations 

0.1. First, let us gather a few basic notations on categories. The categories we'll 
consider are all C-linear, i.e., they are additive and the Hom sets are C- vector 
spaces. A category is Artinian if the Hom sets are finite dimensional C-vector 
spaces and every object has a finite length. Write A-^^ for the full subcategory of 
an Abelian category A consisting of the objects of finite length and A'^'^°^ C A^^ 
for the full exact subcategory of projective objects. Given a set I of objects of 
the Abelian category A, we denote by A^ the exact full subcategory of /-ffitered 
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objects, i.e., of objects M with a finite filtration such that each successive quotient 
is isomorphic to an object of /. 

Write [M : S] for the Jordan-Holder multiplicity of a simple module S in an 
object M of finite length. 

By a quasi-hereditary category we mean a highest weight category in the sense of 
[CPS] which is equivalent, as a highest weight category, to the category of finitely 
generated modules of a quasi-hereditary (finite dimensional) C-algcbra. In other 
words, it is an Artinian Abelian category with a finite poset of standard modules 
satisfying the following axioms : 

(a) we have End^(M) = C for each M G A^, 

(6) if Homx(Mi, M2) ^ and Mi, M2 e A^ then Mi < M2, 

(c) if Homx(M, iV) = for each M e A^ then A^" = 0, 

(d) if M e A^ there is a projective object P & A and an epimorphism P ^ M 
whose kernel is A^-filtered with subquotients > M. 

See [CPS, thm. 3.6], [Do, appendix A] for more details. An equivalence of high- 
est weight categories is an (equivalence of categories which restricts to a bijection 
between both sets of standard modules. We'll abbreviate ~ A^-^ . 

We'll write [B] for the Grothendieek group of an Abelian or an exact category B. 
Let [M] denote the class in \B] of an object M . Note that the obvious embedding 
A^ C A^^ yields a group isomorphism [A^] = [A^^]. 

0.2. Let i? be a commutative Noetherian ring with 1, and let A be an i?-algebra. 
Write A-mod for the module category of A, A-proj for A-modP™-' and A-mod-''^ 
for (A-mod)'^3. Let Irr(A) be the set of isomorphism classes of simple objects of 
A-mod-'^. To any i?-algebra honiomorphism (/) : A — > B we associate the functor 

(j) : B-mod A-mod, M H- "^M, 

where "^M is the twist of Af by c6. 

0.3. Let M be a C- vector space and i? be a commutative C- algebra. Assume that 
R is the functions algebra of a C-variety R. We write 

M\X] = Mr = M ®R. 

Given an automorphism F of a set M, let be the fixed points set. If F is a 
ii- linear automorphism F of Mr we may abbreviate = {Mr)^ . 



1. The cyclotomic rational DAHA and the Dunkl operators 

1.1. The complex reflection group l,n). Let c be the group 

consisting of the i'-th roots of unity. Fix a generator of Di once for all. We'll 
denote it by e. Let ©„ be the symmetric group on n letters and W be the semi- 
direct product &n t< {Dg)'^, where is the Cartesian product of n copies of Dg. 
To avoid any confusion we may write 



Wa = W, A={l,2,...n}. 
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Let Ei S (-D^)" be the element with e at the «-th place and to 1 at the other ones. 
If a G Z we may identify Z/aZ with the set {1, 2, ... a} in the obvious way, hoping 
it will not create any confusion. Set 

A = {l,2,...,£}~Z/«. 
For each p G A and each i ^ j, we write s\^j for Sije^E'^^. 

1.2. The cyclotomic rational DAHA. Fix a basis {x, y) of C^. Let Xi, yi denote 
the elements x, y respectively in the i-th summand of (C^)®". The group W acts 
on (C^)®" such that for distinct i, j, k we have 

^i(^i) — E Xi^ Eii^XjJ = Xj^ ^ii^ViJ — ^yii ^iiVj^ ~ Vji 

— Xj^ ^i,j{yi) — yj: ^i.j{xk^ — Xk^ ^i,j(,yk^ — ^/fc- 

Fix fc 6 C and 7p £ C for 7^ p G A. We'll write 7 for the £-tuple (jp). The 
CRD AHA (=cyclotomic rational DAHA) is the quotient H^^^ of the smash product 
of CW and the tensor algebra of (C^)*" by the relations 

[yux,] = l-kJ2J2'^S-Jl^p'l 

jjti p pjiO 

p 

[xi,Xj] = [yi,yj] = 0. 

This presentation is the same as in [EG]. We'll use another presentation where 

the parameters arc h, hp with p E A and hp = 0. Set H = (hi, /12, . . . hf-i). 
The corresponding algebra is denoted by the symbol Hh^H- It is isomorphic to the 
algebra H^^^ with k = —h and jp = — X)p'eA ^p'- parameter hp is the 
same as the parameter Hp in [G] and it is equal to hHo,p — hHo,p-i with respect to 
the parameters hH„,p, p G A, in [R]. 

1.3. The Dunkl operators. The subalgebras of llh,H generated by {xi, . . .x„} 
and {j/i, ■ ■ .yn} are free commutative. We'll write R for the first one and R* for 
the second one. Note that R = C[C"]. There is a C-linear representation of tlh,H 
on R such that Xi Xi, w w and y, yi with 

The operators yi are called the Dunkl operators. 

1.4. Combinatorics. Let Cm,e be the set of compositions of m with £ parts, i.e., 
the set of tuples u = (z^i, 1^2, • • • t^e) G with sum = m. Let Cm,e,n be the subset 
of compositions whose parts are all ^ n. Set 



J={l,2,...,m}. 
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To each v e Cm,t we associate the following partition 

J = Ju,i LI Jv,2 U • ■ • U J^^e, Jii^p = {ip,ip + 1, . . -jp}, 

ip = l + i'i-\ ht'p-i, jp=ip+i-l, p G A. 

We may write Jp = Jv,p if there is no risk of confusion. Next, we write 
CI, = {A G C™; Xi - Ai+i G N, Vi 7^ h,j2, • • • }, 

The elements of C^^ are called the v-dominant weights. The elements of Z^^ are 
called the v-dominant integral weights. Let Vn be the set of partitions of n, i.e., 
the set of non- increasing sequences A of integers Ai, A2, • • • > with sum n. We 
write 'A for the transposed partition, |A| for the weight of A, n(A) for the integer 
a-nd /(A) for its length, i.e., for the number of parts in A. Let V = |J^ Vn 
be the set of all partitions. Let be the set of ^-partitions of n. It is the set of 
A-tuples A = (Ap) of partitions with |Ap| = n. Let = |J„ Vf^ be the set of all 
^-partitions. Given any ^-tuple v = {up) in we set 

^n,. = {AGP^;/(Ap)<i.p}. 

The transpose of a ^-partition A is given by 

*A = (*A^, . . . *A2, *Ai). 

Any ^-partition A G ^ may be viewed as an clement in N>„ by adding zeroes on 
the right of each partition Ap such that /(Ap) < Vp. This yields a bijection 

(1-1) N^„ = z^,nN'" = Up^,,. 

n 

Finally, for any Muple v = {ui,l'2, . . .ve) we'll write 1/° = {i'°)p and v* = {i'*)p 
where 

i/° = {ve, . . . ui), u* = i/<!_2, . . . ^1,1^1). 
1.5. Representations of W. For p G A there is an unique character 

Xp: De^C^", s^eP. 

We set 

(L2) Irr(C6„) = {Xa; A G Vn], lrv{<CW) = {Xy, A G V^}. 

If A G then X\ is defined as in (2.1) below. If A G then X\ defined as follows. 
Any composition /x G Cnj can be regarded as a partition A = A^^i U ■ • • U A^^g^ as 
above. We consider the subgroups 

= Dp ©A,„ c 6„, = Hp Wa,,, (iw = Wa. 

Let be the longest element in S^. Write wq for W(ny Fix a £- partition A — (Ap) 

in The tuple /u = (/Xp), with /Up = |Ap| for each p, belongs to Cn,i. Let X^pXp-i 
be the representation of which is the tensor product of the ©A^.p-module 

and the one-dimensional (D^)**" -module x^^i . Then the W-module 3i\ is given by 

(L3) xa = v"^^ (XA.xr^ ® ^A.xr ® ■ ■■^x.xTi), 

where the symbol F denotes the induction. 
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1.6. The highest weight category of llh,H- Let TikM be the category of llh,H- 
modules which are locally nilpotent over R*. The category T-Lh,H is quasi-hereditary 
by [GGOR]. The standard modules of 'Hh,H are the induced modules 

Here Xa is viewed as a k R*-module such that yi, ■ ■ .yn act trivially. Let Sx^h,H, 
Px.h.H denote the top and the projective cover of lS.\,h,H- 

The category "HjJ^^ consists of the H;j^//-modules which are locally nilpotent over 
R* and finitely generated over R. The Grothendieck group of 'HI^^h is spanned by 
the set {[Sx,h,H]-^ A e Vi) and by the set {[Aa,?,,h]; A G P^}. 

The algebra H/i.^f is given the inner Z-grading such that Xi, yi, w have the 
degrees 1, —1, respectively. The sum eu = Xiyi + euo, with 

n i-l 

euo = /^EE(l-^S)+E E e-^^\h, + -.- + h,.)sl 

i<i pGA i=l p,p'=l 

is an Euler element for the grading, i.e., an element x e 'H.h,H is of degree i iff we 

have [eu, x\ = ix. 

For each A G 7^^ we denote by 0\ the scalar by which euo acts on X\. We have 
the following formula [R, prop. 6.2] 

e 

Ox =eJ2\Xp\{hi + ■■■ + Vi) - h£j2H^p) - + ^0, 

where 6o is a constant independant of A. The partial order ^ on the set of standard 
modules is the unique order relation such that [GGOR, sec. 2.5] 

(1-4) A^,h,H y A\,h,H ^ 0x-6^& Z>o. 

1.7. From local systems to H/j_H-modules. Let R„ £ = C[C„,£], where C„ £ C 
C" is the complement of the hypersurface 

XiX2 ■ ■XnY\_ Y[.^^i ~ '^''^j) = 0. 
P 

Note that C\^e = C^. For each R-module M we write 

M„,£ = M ®R R„,^ 
In particular we have the C-algebra 

(1.5) B = €W K R, B„,£ = €W tx R„,^ 

We'll abbreviate 'Rh^H,n,e = i^h,H)n,t- The algebra iih,H,n,e does not depend on 
the choice of the parameters h, H, up to canonical isomorphisms. See [GGOR, 
thm. 5.6] for details. We'll need the following basic result. 
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1.8. Proposition, (a) Let Mn,e be a 'Bn,e-module with an integrable W-equivariant 
connection V = J2i ^idxi. Set 

The assignment yi i->- yields a C-linear representation ofUh^H on Mn/- 

(h) Let M be a 'B-module with an integrable W-equivariant connection. Assume 
that M is torsion free as a R-module and that the operators yi,y2, ■ ■ - Vn on M^j 
preserve the subset M. Then M is a flh,H-submodule of Mn,i- 

Proof : Part (&) is obvious. Let us concentrate on Part (a). Set V equal to 
V-dajj, where 



v; = v.+fcEE 

T.- — r~P^j ^— ' .7!.- — 



7p 



We have 



Vi = v: + fcEE ^^^(^S - 1) + E ^-^.^^ - 

]jtl p ■> p^O 

Thus it is enough to check that V is an integrable W-equivariant connection and 

to apply the same argument as for the Dunkl operators with instead of ■ The 
W-equi variance of V is obvious. If i ^ j a direct computation yields 

r=^3 p p/0 



^ , E ^-^] + ME ^3^' ^^.J 

p J p 

■■ 0. 

□ 



2. The affine category O 

According to Suzuki [Sul] the Knizhnik-Zamolodchikov connection gives a func- 
tor from Kazhdan-Lusztig's category of modules over the affine Lie algebra to the; 
category O of the rational DAHA (for i= 1). This functor uses afhne coinvariants. 
In this section we briefly review this construction. Since the results here are not 
new, we do not give proofs. 
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2.1. Lie algebras. Fix once for all an integer m > 0. We set g = and 

G = GLto(C). To avoid any confusion we may write 

0j = flm = 0, Gj = Gm = G 

Let U (g) be the enveloping algebra of g. For any g G G, ^ G glet be the adjoint 
action of 5 on ^ and let *^ be the transpose of ^. Let 

beg, teg, TcG 

be the Borel Lie subalgebra consisting of upper triangular matrices and the maximal 
tori consisting of the diagonal matrices. Let (e,), (e,), i € J, be the canonical bases 
of t*, t. There is a unique G- invariant pairing on g such that (ej : ij) = 6ij for each 
i,j e J. We have canonical isomorphisms i = i* = C"^ taking A, A to the tuples (Ai), 
(Aj) with Ai = A(ei) and Aj = A(ei) respectively. The elements of t, i* arc called 
coweights and weights respectively. The weights in Z'^ are called integral ^Heights. 
If the weight A is given then the symbol A denote the coweight A = J2jej ^j^h '"^"^^ 
vice-versa. We put 

p= (to, ...,2, 1), ai = ei-ei+i, i€l, / = {1, 2, . . . m - 1}. 

Let n C Z'' be the set of roots, 11+ C n the set of positive roots containing 
{ai;i e /} and ZII be the root lattice. Let ek,i, k,l G J, be the canonical basis 
vectors of g. For each simple root we write ej = 6,^,+!, /j = ej+i^j for the 
corresponding root vectors in g. Write 

L{X)=L{g,X) 

for the simple g-module with highest weight A (relative to the Borel Lie subalgebra 
b). If A is integral and dominant we define the (3„-module 

(2.1) 3ix = Ho{g,iVT"^L{X)), 

where Hq denotes the space of coinvariants. It vanishes unless X G Vn- Compare 

(1.2) . Let V be the vectorial representation of G and let V* be the dual module. 
We can identify V with t as C- vector spaces. Hence we may view (e^) as a basis of 
V* . For each u G Cm,e and p G A, let 

v; c V* 

be the subspace spanned by the vectors ej, j G Ji^.p- 

2.2. Affine Lie algebras. Let f be a formal variable. For each integer r we set 

s = g(3C[t,t-% g^r = 3^t^c[t], s^, = g^ec[t-% b = beg>o. 

Let g be the central extension of g by C associated with the cocycle (C® /, C'85) 1-^ 
: ()'Rest=o{9df) . Write 1 for the canonical central element of g. We abbreviate 
g>o = gsio ©CI and b = b©Cl, the trivial central extensions. The element d = tdt 
acts on g in the obvious way, yielding a derivation of the Lie algebra g such that 
d{l) = 0. We put t = Ca e t e Cl, and g = CS e g, b = Ca e b. For any 
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commutative C-algebra R with 1 we set = g ^ R, ga = g ^ R, etc. We regard 
Qr, gR and gR as R-Lie algebras. 

The adjoint t-action on g is diagonaHsable. An element of t* is called an affine 
weight. Let 11 C t* be the set of roots of g, let II"'" C II be the set of roots of the 
pro-nilpotent radical n of b, and let lire C II be the set of real roots. Let 6, uiq € t* 
be the linear forms given by 

d{d) = wo(i) = 1, wo(ca e t) = s{t e CI) = 0. 

The simple roots in n"*" are 

dj, iGl, / = {0, 1, . . . ,m — 1}. 

Prom now on we'll use the canonical isomorphism t* = C™"*"^ = C x C™ x C such 
that cXi t-^ (0, ai, 0) if i 7^ 0, wq (0, 0, 1), and S i-> (1, 0, 0). When there is no risk 
of confusion we'll abbreviate ctj = dj. Recall that qq = ^ — ei + Cm- Let ( : ) 
denote also the symmetric bilinear form on t* such that 

{u>o --S) = 1, {ci : 6) = {ci : ujq) = 0, (e, : cj) = 6ij. 

An affine weight A such that X{d) = is called a classical affine weight. Let t' C t* 
be the set of classical affine weights. 

2.3. Enveloping algebras. For any commutative C-algebra R with 1 let C/(g/j), 
U{gR) be the enveloping algebras of Qr, gR over R. Given an element k € R let 
U{gR) — > gR,K. be the quotient by the two-sided ideal generated by the element 
1 — c where 

c= K — m. 

We call c the level. A g^^K-module is the same as a g/f-module such that the 
element 1 acts as the multiplication by c. If i? = C we'll abbreviate = gc,K, etc. 

2.4. Smooth gfl-modules. A g/^ ^-module M is almost smooth if each element of 
M is annihilated by gR,^^ for a large enough integer r. Let C{gR^K) for the category 
of almost smooth gfl^^-modules. We may abbreviate 

Cr,k = C{gR,K)- 

For each integer r ^ 1 let Qr^t C gfl,K be the subspace generated by the products of 
r elements of gij,>i. Let also Qr^ = R. Given a gfl,„-module M let M(r) c M be 
the annihilator of QR^r and let M(— r) C M be the annihilator of Qr-t = tt(Qii r)- 
Set ' 

M(oo) = y M(r). 

Note that M(r) is a gi{,3,o-submodule of M and that M{qo) is a gij^^-submodules 
of M. The gii^K-module M is called smooth if M = M(cxd). All smooth modules 
are almost smooth. See [KL, lem. 1.10] for details. 
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2.5. The Sugawara operator. Put = ^ ® for ^ e g. Let R"^ C Rhe the 
set of units. From now on we'll always assume that k G R^ . For each integer 6 e Z 
the formal sum 

~ 2k ^ ^ 2k ^ ^ '''' 

a^-b/2k,lGJ a<-b/2k,leJ 

is called the Sugawara operator. It lies in a completion of gij,^. For any gii,^- 
module M and any integer b the Sugawara operator acts on M(oo) and we 
have 

(2.2) [L6,^W] = -<("+''^ 

Let fl — Xl/c (eJ ^fei'^'ifc ^■'^^ Casimir element in U^Qh). Then Lq — il/2K acts 
trivially on the subset M(l). 

2.6. Duality for gij-modules. For each g^-module M we define the gii-modules 

«M, tM, M*, and M'' as follows 

• "M is the gi{-module equal to the twist of M by the automorphism ji : g/j — >■ gij 
such that (-l)'^^(-'-) and 1 -1, 

• tM is the g/{-module equal to the twist of M by the automorphism t • Si? ~^ gfl 

such that C^'') ^ and 1 1, 

• M* = Hom/{(M, i?) with the g/{-action such that {^^^^ip,m) = —{ip,S,^^^m) and 
(liyj,m) = Im), 

• M*^ is the set of g^j.^-finite elements of M* , i.e., it is the sum of all Qr^v- 
submodules of M* which arc finitely generated as _R-modules. 

The functors M M,'M,M*,M'^ commute to each other. We set t = f o tt, 
DM = {»M*){oo), and ^DM = (*M*)(oo). As a i?-module ^DM consists of those 
i?-linear forms M ^ R which are zero on Q[i,-rM for some r ^ 1. 

For each g- module M we define the g-modules M* , M'^ and the duality 
functor as in the affine case. 

2.7. The (parabolic) category O of g and g. In this subsection we set R = C 
The adjoint t-action on g preserves the Lie subalgcbra g. By a parabolic Lie 
subalgcbra of g we'll mean a t-diagonalizable Lie subalgebra q C g^o containing a 
conjugate of b. Fix a Levi subalgebra 1 C q. Let 0(gK,q) be the category of the 
g^-modules which are 1-semisimple and q-locally finite. We abbreviate 

a« = o(g«) = o(g,,b) 

with 1 = t ffi CI. Fix a composition v e Cmj- Let C g be the standard parabolic 
Lie subalgebra with block diagonal Levi subalgebra 

= 01/1 © • • • © ■ 

Let u,y be the nilpotent radical of q,y. Let q,y be the parabolic Lie subalgcbra of g 
with Levi subalgebra f)^ © CI, and let be the pronilpotent radical of (\v We 
abbreviate 

= ^(g^, q.), O>o,« = C>(g«, g>o). 
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In the same way let 0(g,qy) be the category of the 0-modules which are fj^- 
semisimple and q,y-locally finite. We abbreviate 

= OiQ,b), a = O(0,q.), 0^0 = 0(0,0). 

So O^o is the category of all semisimple 0-modules. Let q'^ = Wo(qi/), = Wo(qi/), 
and lo' = wo{h). 

2.8. Induction and generalized Weyl modules. Set R = C For any q^- 

module M we set 

M, = riiM), 

the induced 0-module. An [)^-module M may be viewed as a q^-module such that 
Ui, acts as zero, yielding again a 0-module M,y. Similarly, for any qj^-module M of 
level c we set 

M,,„ = r|^(M). 

If M is an ()j,-module we define the g^-module M^^^. in the obvious way. 
If £ = 1 then we have f),^ = 0, Qi/ = g>o and we write 

If there is an integer r > such that Qr acts by zero on the g^o.K-module M, then 
Mk is called a generalized Weyl module. More precisely, if M is a g^o,«-niodule with 
a finite filtration by g^o,K"mo*inles such that the successive quotients are annihilated 
by Qi and lie in Ol^ (as 0-modules) then belongs to the category O;^^, and it 
is called a generalized Weyl module of type v. Further, if M is a simple 0-module 
in Ov which is regarded as a g^o,K-module such that g>o acts as zero, then is 
called a Weyl module of type v. 

For each weight A G t* let L([},y, A) be the simple ()i/-module with highest weight 
A (relative to the Borel Lie subalgebra & n t)y of We have the induced 0-module 

M(A), = L([),,A),. 

The top of M{X)v is L{X). Consider the classical afiine weight 

(2.3) A = A + cwq. 

We define a g„-module by setting 

M(A)^ = L(f)^,A)^,«. 

Let L{X) be the top of M(A),y. It is the simple g^-module with highest weight A. 
Recall that i* is identified with C™ and that the elements of C^j, C C™ arc called 

^/-dominant weights. If A is i^-dominant then M(X)v is a generalized Weyl module 
of type V. More precisely, if A e C^^ then M{\)^ e O^, M(A)i. e 6^^^. and they 
are both called parabolic Verma modules. If £ = 1 we'll abbreviate 

M(A) = M(A), G a>o,«. 

Although Ov,K is not a highest weight category, we'll adopt the following abuse 
of language : an object M is said to be standardly filtered if it is equipped with 
a finite filtration by submodules such that the successive quotients are parabolic 
Verma modules. Let C be the full subcategory of the standardly filtered 
modules. Let be the set of parabolic Verma modules in Ou,k- 
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2.9. Proposition. Assume that 

(a) All modules in O,^^^ are sm,ooth. A gK,-module lies in Ol^^ iff it is a quotient 
of a generalized Weyl module of type Ol^ . 

(h) The category Ol^^ consists of the finitely generated smooth g^-fnodules M 
such that M{r) G for each r > 0. 

(c) The category Ol^^ is Abelian, any object has a finite length, and Horn sets 
are finite dimensional. 

(d) If M lies in 61^^ then we have ^DM = *M''. The functor takes Ol^^ 
to itself, and it yields an involutive anti-auto-equivalence which fixes the simple 
modules. 

Proof : Clearly, any module in O^^k. is smooth, and M(r) lies in O^^k. for each M 
in O^^K and each r > 0. Now, assume that M lies in O^^. There is an integer 
r > and a g^o,K-submodule V C M(r) such that M is generated by as a 
g^-module and V e Ol'^ as a g-module. Then M is a quotient of the generalized 
Weyl module V^.. Recall that Ol^ is an Abelian category, and that a subquotient 
of a 0- module which lies in Ol^ lies again in Ol^ . Thus V has a finite filtration 
by g>o,K-submodules such that the successive quotients are annihilated by Qi and 
lies in Ol^ . So 14 is a generalized Weyl module of type i^. Next, observe that a 
subquotient of a g- module which lies in O^^k lies again in 0^_k.- Thus a quotient 
of a generalized Weyl module of type Ol^ lies in O^^. This proves (a). Part (6) 
follows from (a) and [Y, thm. 3.5(1)]. 

Part (c) follows from parts (a), (6). Indeed, since 0^^^ is obviously Abelian, 
to prove that O/^ is Abelian it is enough to prove that any submodulc of a g- 
module in Of/i^ is finitely generated. This follows from [Y, thm. 3.5(3)]. Next, we 
must check that any object has a finite length and that the Hom sets are finite 
dimensional. The first claim follows from loc. cit., because Ol/ is Artinian. The 
second claim is proved as in [KL, prop. 1.2.29]. It follows from Frobenius reciprocity 
and the following three facts : any object in is a quotient of a generalized Weyl 
module of type i^, the Hom spaces in Ol^ are finite dimensional and M(r) € Ol^ 
for each M G and each integer r > 0. 

Part (d) is left to the reader, compare [KL, sec. 1,2]. 

□ 

Set 0^1^ = 0(g„,qy). The functor f yields an involutive equivalence 

The functor D takes O^o.k into itself, and it yields an involutive anti-auto-equivalence 
of 0^a,K- Note that the modules and V* := (V*)^ are parabolic Verma modules 
in O>o K such that 

From now on we'll always assume that 

2.10. The category O of g versus g. Set i? = C. Let q be a parabolic Lie 
subalgebra of g. We write q = q®C9 and 1 = 1® C9. Let 0(gK, q) be the category 
of the g^-modules which are 1-semisimple, q-locally finite. We abbreviate 



0« = C(g«) = 0(g«, b), a,« = 0{g^, q,), O^o,« = 0(g«, g>o). 
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Let O = i9 + Lo be the generalized Casimir operator of g, as in [Kl, sec. 2.5]. Given 
a parabolic Lie subalgebra q C g, let 

0(g«,q)° CO(g«,q) 

be the full subcategory of the modules on which (l acts locally nilpotently. Forget- 
ting the action of d yields in equivalence of categories 

O(g.,q)0^O(g«,q). 

A quasi-inverse takes the g-module M to the unique g-module M which is equal 
to M as a g-module and such that d acts as the semisimplification of the operator 
— Lq. See [S, prop. 8.1] for details. We identify M and M if there is no ambiguity. 
For any afBne weight A € t* the A-weight space of M (which is identified with M) 
is 

Mx = {x e M; hx = X{h)x, Vh e t}. 
For each weight A G t* we write 

A = A-|-cwo, A = A -I- 2;a^, zx = —{X : 2p + X) /2k. 

We'll say that the affine weights A, A are j/-dominant if the weight A is i/-dominant. 
The formula for Lq shows that the functor 

takes ^(A) to the simple module L(A) with the (z/-dominant) highest weight A and 
M(A)^ to the parabolic Verma module M(A)^ with the same highest weight. Here 

A is given by the formula above. 

2.11. The formal loop Lie algebra. Fix a commutative C-algebra R with 1. 
Given a finite set S we fix formal variables ti, i £ S, and we set 

R{{ts)) = eiesmi))- 

Each f{t) e R{{t)) yields an element in the i-th factor of R{{ts)) denoted by 

f{t)[i] = f{ti). 

We set 

GR = Q^R{{t)), gR,s=Q^R{{ts))- 
As above, if ii = C we simply forget the subscript R everywhere. Let Qr^s 
(resp. Gr) be the central extension of Gn.,s (rcsp. Qj^) by R associated with the 
cocycle €5 /, C ® • C) J2i^^^ti=o{9df). Write 1 for the canonical central 

element of Qr^s- Let 

uigR,s) ^ gR,s,^ 

be the quotient by the two-sided ideal generated by 1 — c. Now, let Mi, i € S, he 
almost smooth gij^^-niodules. We'll use the following notation : if 7 is an operator 
on Mi then 7^^) is the operator on 

sM = (^Mi 

ies 

given by the action of 7 on the i-th factor. We'll abbreviate 

(2-4) (^k,l,{i) = (efe,i)(i), i^b,(i) = (^b){i)- 

The assignment 
(2.5) 

yields a representation of Gr,s,k on 5M. 
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2.12. The space of afRne coinvariants. Fix a point oo G and a coordinate 
^ on - {oo}. We'll identify P^ - {00} with C and C[C] with C[z]. Let e P^ be 
the point such that z = and = {z e C; z 7^ 0}. Fix an S-tuple x = {xi; i G S) 
of distinct points in P-^. We set Zi = z — if a;, ^ 00 and z, = —z~^ else. So zt is 
a coordinate on P^ centered on Xi. Write 

Fl=F'-{xi;iGS}. 

Composing the expansion of rational functions on P^ at Xi with the assignment 
Zi ti we get the inclusion 

: C[P1] ^ cats)). 
By the residue theorem the embedding 

lifts to a Lie algebra embedding 

(2.6) fl[P^] ^ Qs. 

If Mi, i £ S, are almost smooth g^-modules then Qs acts on 5M. Thus 0[P^] acts 
also on 5M through (2.6). 

2.13. Definition. The space of affine coinvariants of the Mi 's is {Mi]i G S)^ = 
HoWllsM). 

Given a point xq in P^ we set 

5={0}US', .T = (xo,x). 

The following properties arc well-known, sec e.g., [KL, prop. 9.15,9.16,9.18]. 

2.14. Proposition. Assume that Mi G for each i € S. 

(a) If Mi = Ni^i^ is a generalized Weyl module for each i then there is a natural 

isomorphism {Mi;i G S)^ = Ho{q,sN)- 

(b) If Mi G 0^0, K for each i then (Mi;i G S)^ is finite dimensional. 

(c) If Mq = M{cujo) there is a natural isomorphism {Mi;i G S)^ — {Mi;i G S)^. 

(d) The canonical vector space isomorphisms Mi — >■ ^Mj, i £ S, yield an isomor- 
phism {Mf,i G S)^ {^M,-i€ S)^. 

2.15. Remark. Note that M(cwo) is simple, i.e., it is equal to L(cwo), if k G Q<o 
by [KL, prop. 2.12(6)]. 

In the rest of Section 2 we'll assume that S = A{j{n+1} and Xn+i = 00. Now, 
we allow the tuple (a;i, . . . a;„) to vary in the set C„, where 

is the complement of the big diagonal. So we may view the Xi 's as regular functions 
on C„, i.e., as elements of the algebra R„ = C[C„]. Let R C Rn(-2) be the R„- 
submodule spanned by the rational functions 

zr«, z'' with iGA, a > 0, 6 > 0. 
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It is a R„-algebra. The assignment 

yields a R„-algebra isomorphism R — >■ R„+i. The expansion at e 5} of a 

rational function in R yields R„-linear maps 

R ^ R„((is)), 0R ^ Gnn,s. 

For almost smooth g^-modules Mj, i £ S, the R„-module sMr,^ = (s:M)r,^ is 
equipped with a (jR^^g-action. So we get a g/j-action on s-Mr,^ such that the 
element ^18)2;" acts as the sum 

(2.7) ® (t + + ® 
Consider the R„-module 

{Mi;ieS)=Ho{QR,sMnJ. 

The following is well-known, sec e.g., [KL, sec. 9.13, prop. 12.12]. 

2.16. Proposition. If G 0^o,k for each i € S, then {Mi;i G S) is a projective 
Rn-module of finite rank whose specialization at the point x G Cn is equal to (M,; i e 

2.17. The space of affine coinvariants of T(A'/)r^. Now wc fix a module 
M G Ck- Let R C TLniz) be as above. We'll apply the construction of affine 
coinvariants to the g^-modules Mi = • • • = M„ = V* and M„+i = M. Write 

B„ = C6„ K R„. 

There is an obvious representation of B„ on sAfR^^ , such that the group 6„ switches 
the modules Mi, M2, . . . M„ and acts on R„, and R„ acts by multiplication. This 
action centralizes the Bij-action, see formula (2.7). Thus {Mi;i G S) is equipped 
with a representation of B„. To unburden notation we'll set 

r(M) = (V*)^-'" (»M. 

The canonical inclusion V* C V* yields an embedding 

T(M) c sM. 

Equip the R„-module T(M)r^ = T{M) (g) R„ with the representation of ^[C] such 
that 

(2.8) ?W®< + (K^"^)(n+i)®l' a>0. 
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2.18. Proposition. The inclusion T{M) c sM yields a Rn-n^odule isomorphism 

i/o(0[C],T(M)Rj ~ (v:,...v:,M). 

If X is a dominant weight there is an isomorphism of ^n-modules 

Ho{s[c],t{mCx))rJ ^rliiXx). 

Proof : We do not give a proof here, since it is rather standard. Note that part (a) 

is a particular case of formula (3.15) below (set £ = 1), and part (b) is a particular 
case of Proposition 3.8(&) below (set again £ = 1). So the proof can be recovered 
from its twisted version given below. 

□ 

2.19. The local system of afRne coinvariants of T(Af)R^. Let M be as above. 
Recall that S = AU {n+ 1}. We define differential operators on the R„-module 
sMr,^ by the formula 

Vi = +L_i,(i), Vie A 

The operators Vj commute to each other and give commuting operators on the R„- 
module T(M)r,^, see [BF, lem. 13.3.7] for instance. The connection V = J2i ^idxi 
is called the KZ connection. Let us compute it. 

For each i £ S we have the C-linear operator of T{M) given by 

where e'ffl acts on = V* (x) R„ as the operator ek,i ® xf. Next, for i,j G A the 
Casimir tensor a yields the C-linear operator on T[M) given by 

= y^efc,;,0)e;,fc,(i). 

k,l 

We define the R„-linear operators ji on T(M)r,^ by the formula 

7i = ^li,j +H,n+1, 

l_^ij_ ^. Iv-y-f-ir-^e'"^ e^""^^ 

^''^ KXi-Xi' ^''"+' K^^^ ' %l,{n+lflMiy 
' ■> a>0 k,l 

The following is standard, see [BF, sec. 13.3.8] for instance. 

2.20. Proposition. Under the identification in Proposition 2.18 we have dx^ + 
7i = Vi. These operators normalize q[C\ and yield an integrable &n-equivariant 
connection on the Tin-module iJo(fl[C], r(Af)R^ ). 

Note that Propositions 1.8, 2.20 yield a representation oiiLh^H on Ho{q[C\,T{M)-£i^). 
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3. Twisted affine coinvariants 

In this section i is any integer > 0. We'll use the orbifold Knizhnik-Zamolodchikov 
connection over the configuration space of the stack [P^/D^]. It yields a functor 
taking modules over a twisted afRne Lie algebra to H/j^//-modules. This functor is 
a generalization of Suzuki's functor for any £. As in the case f = 1 we can easily 
compute the image of parabolic Verma modules. 

3.1. The twisted afRne Lie algebra. Equip the G- module V* with a represen- 
tation of the group Di. Since V* is the dual of the vectorial representation of G, 
there is a unique clement .g G G which acts on V* as the generator of Di does. Let 

C G be the centralizcr of g. Wc set 

(3.1) = 0flp, flp = Ue0;5e = e^C}> f)=0o- 

Let F be the automorphism of g given by 

F: g^g, ^(«) 1^1. 

The twisted affine Lie algebra is the fixed points set C g. We'll say that a 
g-'^-module is of level c if the element 1 acts as (c/£)id. Let g^ be the quotient 
of the enveloping algebra J7(g^) by the two-sided ideal generated by the element 
1 - cjL 

3.2. Modules over the twisted affine Lie algebra. We have the triangular 
decomposition 

g"" = g<o ® (f) ® CI) ® gf„ = g^„ © g^„. 
The middle term is a reductive Lie algebra. So the categories 

a^ = o(g^), a^„,, = o(g^gg, ci = c{e^) 

are defined as in the untwisted case. The definitions above still make sense by 
replacing F by the automorphism 

They are indicated by the uppcrscript F' instead of F . Note that 

tt(g^K+2m) = Sk, t(gr)=g«- 

In particular the functor yields an involutive anti-auto-equivalence of O^l^l^. For 
each g^Q-module M of level c let be the induced g^-module. The generalized 
Weyl g^-modules are defined as in the untwisted case. If M is an ()ix-module then 
it can be equipped with the uniqiic representation of of level c such that g^J",-, 
acts trivially, yielding an induced g^-module. We denote it again by M^. For each 
A e t* we put 

(3.2) A = A + {c/i)uJo. 
Compare (2.3). Consider the g^-module 

M(A)^ = i(f,.,A)^ 
Let L{X)^ be the top of M(A)^. Finally, consider the C-algebra automorphism 

b: C[C]^C[C], f{z)^ f{e-'z), 
and let F denote also the automorphism (g) b of 0[C]. 
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3.3. The space of twisted etfflne coinvctrieints of T{M). Recall that for any 
vector space M we have 

T{M) = (V*)®"(8)M. 
Consider the following endomorphisms of T{M) 

9i = 9(i), cr'l^j = ^{9'^(ik,i)(j)ei,k,(i)- 

k,l 

Since V is a -D^-module, the group W acts on the vector space (V*)®" in such a way 
that s ■ J , Si act as u -^^ , gi respectively. This action gives rise to a representation of 
W on T{M). The Lie algebra f) acts on V* in the; obvious way. Given an l)-niodule 
M let f) act diagonally on T(M). The representation of W on T{M) factors to a 
representation of W on 

(3.3) X{M) ^ HoH),T{M)). 

The diagonal l)-action and the Ty-action on (V*)®" satisfy the double centralizer 
property, see [KP, sec. 6] for instance. So X yields a map 

X : Irr(C/(f))) ^ Irr(Cl^), 

where the symbol Irr denotes the set of isomorphism classes of finite dimensional 
modules. Now, recall the algebras B, B„^^ in (1.5). Given w ^ W we'll use the 
symbol w for the t«-action on the B„^^-module {T{M)) and the symbol w for 
the operator id <Siw on 

r(M)R„_, = r(M) ® R„,^ 

such that w acts on R„_^ as in Section 1.2. We'll identify 

(3.4) T(M)r = C(T(M)), T(M)R„_,=r^-^(T(M)) 

in the obvious way. Next, if M is a g^-module we equip r(M)R,^^ with the unique 
R„^^-linear representation of the Lie algebra g[C]^ such that 

(3.5) ^®z-^ Yl ?W®< + (tt^'"^)(n+i)®l- 

Note that jj^^"^ e because ^ iSi z"' G q[C]^ . This action preserves the subspace 
T(M)r. 

3.4. Definition. For each -module M we define the R-module of twisted affine 

coinvariants of T{M) by the following formula 

(3.6) (L{M) = Ho{Q[Cf,T{M)n). 

By formula (3.5) it is quite clear that the 0[C]^-action on T(M)r centralizes the 
B-action. Thus the representation of B factors to <^(M), yielding a functor 

(3.7) £ : g^-mod B-mod. 
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3.5. The Hft^ jj-action on the space of twisted afRne coinvariants of r(M). Now, 
let M be an almost smooth g^-module. Set S = Au {n + 1}. Let us define new 
operators on T(M)r^^. For each i G S we have the C-linear operator of T{M) 
given by 

where e^^j acts on Vj^^ as the operator ek,i (8) xf. See Section 2.19. Assume that 
p€A, iGA, j&S, {j,p) {i,Q). 

If j 7^ n + 1 we set 

715+1 = f EE(-l)""H^')-(eiX(.])elt(„+,). 

o>0 r 

The sum converges because M is almost smooth. Note that the action of 

(a) 

here does not involves any twist by the automorphism )j, contrarily to the fl[C]^- 
action on T(M)r,^^ in (3.5). Next, \i i ^ j we set 

P Pt^O 

Finally we consider the C-linear operator yi on T(M)r,^^ given by 
(3.8) yi = d.,- Y: E7S(fg-l)-E7ff(fI-l) + 7^+i- 

jjii,n+l p pjtO 

By (3.4) wc have a representation of B„.^ on r(M)R,^^. This representation can 
bo extended to a representation of llh.H.n,e as follows. 

3.6. Proposition. Let M G , k = — 1/k and jp — —tr(g^)/K. 

(a) The assignment yi yi defines a tih,H,n,e-<iction on the 'Qn,t-fnodule T(M)r,^_^ 
which normalizes the q[CY -action. 

(h) The operator yi — jf^+i vanishes on the suhspace T{M) C T(M)r.^ ^. The 
representation ofUh^H on T(M)r,^^ preserves the suhspace T{M)yi C T(M)r^^. 
It factors to a representation of 11h,H on €{M) . 

Note that the lihM,nJ-&ct^on on T(M)r^ in (a) yields a representation of 
'H.h,H,n,i f*^^ parameter h, H , since the algebra „ £ does not depend on 

the choice of h, H. However the formula (3.8) for the action of j/j does not hold for 
arbitrary h,H. Hence (6) is false for arbitrary h,H. We'll prove Proposition 3.6 
from Section 3.9 onwards. 
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3.7. The image by €. of the parabolic Verma modules. Conjugacy classes of 
elements g £ G such that g'' — l arc labeled by integral weights of level £ in the 
dominant alcove. More precisely, since = 1 there is a cocharacter ^ G such 
that e H> gr^i. We may assume that this cocharacter maps into the torus T, so it 
is identificid with a coweight. We may also assume that its coordinates in the basis 
(e,) arc (-l)'^i , (-2)'^^ • • • {-£)"' for some v e C™,£ because = 1. Then the Lie 
algebra f) in (3.1) is equal to fjv and we have 

5 = 0£^idv;. 
p 

Prom now on we'll always assume that i), i', g are as above. Now we compute the 
image by € of the parabolic Verma modules. 

3.8. Proposition, (a) Given a v-dominant lueight X we have X(i(f)y,A)) = 
if \M i 'Pi.v and X(L(f)^,A)) Xx" else. Ifu G Cm,e,n then ?i{lvv{U {\)^))) = 
Irr(CW^). 

(h) For each g^g-module M the canonical inclusion M c yields a 'B-module 
isomorphism T^{X{M)) €{Mj[). 

Note that in (b) the symbol X(M) means the functor X in (3.3) applied to the 
restriction of M to the Lie subalgebra C g^^ and that in (a) the VF-module Xa" 
is as in (1.3). 

Proof : For each n G Cn,e the subspace 

p 

is preserved by the action of the parabolic subgroup C in Section 1.5. Fix 
aW X t/'(f)!y)-module isomorphism 

(v*)®"^ r|j;^((g)(v;)®'"'). 

It yields a Vl^-module isomorphism 

X(L(f,.,A)) ^ 0rl^^((g)ffo(07„(V;)®'''' ® L(A,))). 

IJ. p 

If Ap e then the W^j,-module Ho{qjj,,{'V*)^'^'> (g) L{\p)) is the tensor product 
of the (S;^p-modulc Xa^, in (2.1) and the one-dimensional (i3£)''*'-module X^p" ■ Else 
it is zero. Now fix /x = (|Ap|). Then we have 

x(L((,.,A°)) = r{^;^„(^A.xfi^^i ®XA,_,xfi^^' ® ■•■^A.xf"^'). 

By (1.3) we have also 

Xa = r5^;^(XA,x?"^' ®XA,xf"^' ® •■•^A.xfii^')- 
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Thus wc have X(L(f),^, A°)) ~ 3i\ as W-modules. Part (a) is proved. Now, let us 
prove (6). Set 

N = M^, a = g[Cf, a' = {zg[C]f, b = f).. 

The linear map 

yields a representation of Or on N^. View Mr, as a bR-module via the restriction 
to the Lie subalgebra 6r C (gR,>o)^- We have an isomorphism of OR-modules 

ATr-T^^CMr). 

The assignment ^ z'' i-> J2i yields a representation of an on (V*)^^". Since 

the induction datum (or, bn, CIr, M-r) is R-split, the tensor identity yields an iso- 
morphism of OR-modules 

T{N)n ^ (V*)|" ®R Nn ^ (V*)|" ®r rg^(MR) ~ r^^(T(M)R), 

see Section A. 3. Therefore we have an isomorphism of B-modules 

£(iV) = £ro(oR, T(iV)R)) ^ Hoibn, T{M)r)) ~ T^{X{M)). 

a 

3.9. Twisted afflne coinvariants. In the rest of Section 3 we'll prove Proposition 
3.6. First we recall what twisted afhne coinvariants are, following [FS]. The group 
Dg acts faithfully on by multiplication, yielding a cyclic cover tt : P-^ — ?• P^/D^ 
which is ramified at 0, oo. Fix an S-tuple of distinct points yi e F^/D( and pick 
points Xi of TT~^{yi) for each i € S. Let £i be the number of points in the Z)^-orbit 
of Xj. Next, &x S = AU {n + 1} and x„+i = yn+i = oo. Put 

Fl=F'-7T-'{{yi;ieS}). 

Let b e Aut(C[Pj]) be the comorphism of the action of the generator of D(. We set 

We'll abbreviate zf^ = {zi,pY for each a. Note that b(z) = e~'^z, \>{zn+i) = sZn+i 
and \>{zi^p) = e~^Zi^p+i. We get the following automorphism of 0[Py] 

F = g^b:Q[Fl]^Q[Fl]. 

Let Qg be the Lie subalgebra of C/g spanned by and G[i] for z 7^ n + 1. Let 

Qg he the central extension of Qg by C associated with the cocycle /, C ® 5) 
: C) X^,£s^iR'est^=o(fi'C?f)- Consider the algebra homomorphism 

6, : C[P1] ^ C((is)), /W^ E fit + Xih+f{-t-')[n+i]- 
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Here f{t + x^), f{—t~^) are identified with the corresponding formal series in t. If 
C ® /> C ® e 0[P^]^ then we have 

(3.9) l]^iRes,,=o((C:C>ff(r) = 0, 

ies 

because the residue of the one- form : Qgdf is the same at each point of the 
£>^-orbit of Xi. Thus the linear map 

lifts to a Lie algebra embedding 

(3.10) 0[P^]^ ^ Gl 

Now, assume that Mi, M2, . . . M„ e and Mn+i G C^. The assignment 

(3.11) ^e®/(t)w 
yields a representation of Qg on the tensor product 

sM = (g)Mi. 

So 5M is also a g[P^] ^-module via the map (3.10). 

3.10. Definition. The space of the twisted affine coinvariants of the Mj 's is 

{Mf,ieS)^^Haig[Vlf,sM). 

Now, let the point x vary in Cn,e- View the coordinates on C„^. Let 

R C R„,^(^;) be the R„,^-submodule spanned by 

, 2;^ with a> 0, i G A, p G A, 0. 

It is closed under multiplication. Let R' C Rhe the R„.<?-subalgebra consisting of 
the functions which vanish on {z = 00}. As a R„,£-module ii' is spanned by 

\p "^itl^ a > 0, i e A, p e A. 

There is an unique R„,f-algebra automorphism b of R, R' such that f{z) f{e~^z). 
It yields the automorphism F = 5 b of the R„,^-Lie algebras g/j, Qr'- The 
construction above yields the R„,^-Lie algebra ^ g and the morphism of R„,^- 

Lic algebras 

(3.12) (BRf ^ GK^.^s 

which is analogous to (3.10). Assume that Mi, M2, . . . M„ G and M„+i e C^. 
The assignment (3.11) yields a representation of Q^^^^g s.^R„,^. Thus (3.12) 
yields a representation of (qr)^ on sMr,^^. Taking the coinvariants with respect 
to the Lie algebras {qr}^, {Qr')^ we get the following two R„,^-modules : 

{Mf,ieS), {M,;ieS)'. 

We'll also use a more general version of twisted affine coinvariants obtained by 
inserting a new module Mq G at the point 0. Set 

S = {0}U S = AU {0,n + 1}. 

Let X = (0,a;) and y — (0,y). The Lie algebra fl[Pg]^ acts on the tensor product 
^M in the obvious way. We define 

{Mf,i€S}, = Ho{9[TPlf,sM). 
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3.11. Proposition, (a) If Mi, ...Mn& 0>o,k and M„+i e O^lli the Rn.e-module 
{Mi; i € S) is projective of finite rank. Its fiber at the point x G Cn,e is equal to the 
C-vector space {M^.i e S)^. 

(b) Let X = (0,x) e C„+i,£, Mi,...Mn € and M„+i e Cf. Set Mq = 
M{cuJo)^ . The obvious inclusion L([}y,0) C Mq yields an isomorphism {Mi;i £ 

Proof : The proof is quite standard, so we'll be very brief. Part (a) is the twisted 
version of Proposition 2.16. The proof that the R„,£-module (Mj; i £ S) is finitely 
generated is the same as in the untwisted case, see e.g., [KL, prop. 9.12]. Indeed, 
observe first that for each i E A there is an integer > such that Mi is generated 
by Mi{ri) as a g-modulc. Similarly there is an integer r„_|_i > such that Mn+i is 
generated by M„+i(r„+i) as a g^-module, where Mn+i{rn+i) is the set of elements 
of Mn+i killed by any product of r„+i elements of g^^. Next, set 

fi = fn+i = -z, i& A. 

Then /i,/2, • ■ • ,/n+i € R and for each i,j G S the expansion of fi at Xj is 
if i = j and it belongs to R„,^[[f]] else. The rest of the proof is by induction, 
using the spaces Mj(ri) and the functions fi as in loc. cit. Next, the ^-module 
{Mi,i G S) is projective, because it is finitely generated and admits a connection, 
compare [KL, prop. 12.12]. This connection is called the orbifold KZ connection. It 
is constructed in a quite general setting in [Sz]. We have given the construction of 
the orbifold KZ connection in the second step of the proof of Proposition 3.6, see 
Section 3.13 below. Finally, the third claim in (a) is also proved as in the untwisted 
case, see e.g., [KL, sec. 9.13]. It is a twisted analogue of the commutation of affine 
coinvariants with base change. 

Part (6) is the twisted analogue of the propagation of vacua recalled in Propo- 
sition 2.14(c). It is proved as in the untwisted case in [KL, prop. 9.18]. More 
precisely, the expansion at y yields a Lie algebra embedding 

where is a central extension of the Lie subalgebra Gs spanned by Q^)^^ 

^[j], i € A, and G^_^.ly Then {Mi;i G S)- is the space of coinvariants of the 
representation of 0[Pi]^ on the space 

gM = M{cujq)^' (g) sM. 

Note that the ^J-module gM is induced from the (jj'^-module C ® sM, where 
Qg C is the central extension of the Lie subalgebra Q g C Q ^ spanned by 
{q ® C[[to]])^ , Q[i\, i & A, and G^_^_ly Therefore the claim follows from the tensor 
identity as in loc. cit., and from the following equality 

which is left to the reader. Compare Proposition 4.5 below. 

□ 
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3.12. Remark. The R„. ^-module of twisted afSne coinvariants (Mj; i G S) and the 
R-module £(M) of twisted affine coinvariants of T{M) are related by the following 
R„^^-module isomorphism, see (3.15) below 

Mi = .-. = M„ = V:, M„+i=MGCf {Mi;i€S)o,€{M)n,e. 

3.13. Proof of Proposition 3.6. RecaU that M e Cf . Let R' C R C Ti„,e{z) be 
as in Section 3.9. To avoid cumbersome notation we write 

a = (qr)^, a' = {qr')^, b = (0R„ 4^])^. 

We have a = a' ® b, and the R„,^-modules a', b are respectively spanned by 

• ^ zP{z^ - xf)-"- with ^ e Bp, a > 0, p = 0,...£-l, i € A, 

• ^ (8) with ^ € flb, 6^0. 

The proof is long and technical. We'll split it into several steps. 

Step 1 : First, we prove the formula (3.15) below, which identifies T(M)r,^^ with 
a set of twisted afiine coinvariants. To do so we put 

Ml = • ■ • = M„ = V:, M„+i = M. 

To simplify the notation we'll set n = 1 in this part of the proof. The case n > 1 
is identical. Therefore we have 

T(M) = Y* ®M, sM = Yl®M 

and the inclusion V* C V* yields a Ri,^-linear embedding 

(3.13) T(M)r, , CsMr, ,. 

Recall that Ri,^ = C[a;f and that a acts on sMr,^_^ via the map (3.12). Thus, by 
definition of the map bx the element ^ (g) e b acts as the sum 

Since the subspace V* c V* is killed by g>o, we get that £^®z^ acts on the subspace 
T{M)-£i^ ^ as the sum 

This is precisely the b-action on T(M)r,^^ given in (3.5). Therefore, the inclusion 
(3.13) is an embedding of b-modules. 

Now we prove that there is an isomorphism of a-modules 

(3-14) sMr,,, ~ rg(T(M)H, J. 

Let b = b © Ri,£ (the trivial central extension) and let a be the central extension 

of a by Ri.<^ associated with the cocycle (^ ® /, C ® 9) ^ ■ C}^^^z=xi{gdf) ■ By 
the residue theorem there is a Ri^^-Lie algebra homomorphism 
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compare (3.9). Thus, since M is a g^-module of level c, the assignment 

yields a representation of a on Mr^^ of level — c. Similarly, since V* is a g^-module 
of level c, the assignment 

yields a representation of a of level c on (V* )r;^^ . The representation of a on sMr^^ 
is the restriction of the tensor product of the a-modules Mr,^^ and (V*)ri^. The 
Ri,£-submodule V^^ ^ C (V* )rj^ is preserved by the b-action. So the quadruple 

(o, b,a', V|{^^ J is a Ri,£-split induction datum. See Section A. 3 for details. 

We claim that the representation of a on (V*)r,j ^ is isomorphic to the induced 
module r?(VJj^^ J. Then (3.14) follows from the tensor identity, because we have 

sMr,_, = rf (v^i^ J Mr,_, = r»(Vj^^^^ 0r,,, Mr, j = rg(r(M)R, j. 

Now we prove the claim. The a-action on (V*)r;^^ yields a map 

^Ic^kj ^ (v:)r,,,, (c ® m) ^v^i^®fit+ x^))v. 

We must prove that it is invertible. Recall that 

rt(vj^^ J = C/(a') ®R,., Vi^^_^, 
(v:)r,,. = r|^o(v;^, J = c/(ga,.„<o) ®Rx,. v;,, 

Further, for each a > the assignment z ^ t + x\ takes z^{z^ — )"" to a formal 
series in 

(Ri,,)Xt-« + Ri,4M]ti-«. 

Therefore the claim is obvious. 

Note that (3.14) yields the second of the two isomorphisms below 

(3.15) {Mi- i&S)' ^ T{M)n^^^, {Mi-, i&S)^ €{M)n,e. 

Indeed, with the notation used in this proof the definition (3.6) yields 

€iMU,e = Hoib,T{M)n^^). 

The proof of the first isomorphism is identical because the quadruple (d, fa, a', T(M)rj J 
is also a Ri,^-split induction datum, hence (3.14) and Section A. 3 imply that 

sMr,_, c^r»'(r(M)R, j. 

Step 2 : Now we define an integrable connection on the R„^^-modules T(M)r^ ^ 
and €{M)n,e- For each i we consider the differential operator on sMr^^ given by 
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Next we set V = Vidxi. It is an integrable connection on the R„,£-module 
sMr„^. By (2.2), for each ^ G f| and / € R„,^((ts)) we have 

(3.16) [^i,^®f]=^^{d.J-dtJ). 

We claim that V normalizes the a-action given by (3.12). Hence the isomorphisms 
(3.15) yield an integrable connection on the R„^£-module T{M)-[i^ ^ which factors 
to a connection on £(M)„^^. Write V again for these connections. 

Now we prove this claim. For each integers a, b with a > we define the constant 

by the following formula 

dr\t')/{a-i)\ = cit'--+\ 

A direct computation yields the following relations in tln,e{{ts)) 



..(z^)=^(Xfe+t)|',j+ (-1)^+1]. 
k 

where k = l,2,...n and {k,p) ^ (i, 0). Thus the derivation — dt^ annihilates 
Lx{z'') and takes ix{zj^p) to 6ij e^aLxizJ^p^^). So {d^^ - 9*-) o = o d^^ on R. 
Hence (3.16) yields the following relations 

[Vi,^ ® ix{zP{z^ - xj)-")] = 5i,j alxi-^ ^ ® ix{zP{z^ - xj)"''"!). 
The claim is proved. 

Step 3 : Now we claim that the connection V on T(M)r,„^ is W^-equivariant and 

(3.17) = V. + ^EE + E ^^^-r- 

jjii p pjiO 

Thus part (a) of the proposition follows from Proposition 1.8(a). Note that the 
Hft^if-action on T(M)r^ ^ we have just constructed normalizes the b-action given 
by (3.5), because the connection V normalizes the a-action on s-^R„ < given by 
(3.12) by the previous claim. 

Now, let us prove the latest claim. We'll compute the connection V on r(Af )r^ ^. 
Since Vi is a derivation, it is enough to consider its restriction to the subspace 
T(M) C T(M)r„ ,. Under the quotient map sMr„ , T{M)r^^^ in (3.15), 
the obvious inclusion T{M) C sMr^^ is taken to the obvious inclusion T{M) C 
T{M)-R.^ i,. So it is enough to compute the action of the operator on the 

subspace T{M) c sMr^^. 

For ^ G we consider the following elements 

a(C, i)=Y^ ePgP^ ® € a', = ^ ® t'y^ G fo.R^,, • 
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Note that 

where j£A, b^O,pGA and ^ (i, 0) in the first sum. Let v € T{M), viewed 
as a subspace of s^r„ e- Then, we have 

Note that ^(j)?; = for each ^ S g>o, i £ A. We have 

k,l 

\ E E(-i)''"'<"'^'(4?)("+i)^'-'^.w if i = « + 1 

(p) ^ I a>0 fc,; 
H,j \ ^—-^ 

2_^{9^ek,i)(j)ei^k,{i)/K{xi -e'^Xj) else. 

k,l 

Setting ^ = ek,i in the formula above, we get 

L-i.^i' = 7,^1 + • ■■li,n+i'" mod ci'(sMr^ J. 
In other words, the connection V on T(M)r,^ is given by 

j=ii p ■> p=iO 

with j e A. Now, for p ^ the operator a'f^ acts on T(M)r,^^ as the operator 
tr{gP)gf = —K'jpgf. Thus we have 

H,n+1- 



P -' pjtO 

Since A; = — 1/k the right hand side of (3.17) is 

Jj!:Z P ■> p^O 

^*-EE^S(fS-i)-E^ff(fi-i)+T^n+i = ^.- 

So (3.17) is proved. The W^-equivariance of V is obvious from the formula above. 

Let us prove (h). If v G T{M) then (3.8) gives y^v = jf^^iV. The subspace 
T(M)r C T(M)r^^ is preserved by the B-action in (3.4). By (3.8) it is also pre- 

served by the operators yi, ?/2, ■ • • 2/n) i-e., the denominator in simplifies. Thus 
T{M)r is a H/i^ij-submodule. The representation of Hh^H on T(M)r, normalizes 
the 0[C] ^-action by part (a). Hence 'H.h,H acts on £(M). 

□ 
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3.14. Remarks, (a) The connection V is a particular case of the orbifold KZ 
connection in [Sz]. 

(6) In Section 4.4 we'll also use a more general H/i_//-module £(M', M)n,i ob- 
tained by inserting also an almost smooth -module M' at the point G P"^ 
before taking twisted affine coinvariants. See also Section 3.9. Then Proposition 
3.8 generalizes in the following way : if M' = {E')-^ and M = then we have 
an isomorphism of B„^^-modules 

(!:{M',M)n,e^r^-'{X{E'(g)E)). 



4. Untwisting the space of twisted affine coinvariants 

Any twisted affine Lie algebra associated with an inner automorphism is iso- 
morphic to a non-twisted one. In this section we prove that, in a similar way, the 
space of twisted affine coinvariants can expressed in terms of non-twisted affine 
coinvariants. Recall, however, that twisted affine coinvariants yield a local system 
over the configuration space of the stack [P-'^/I?^] while affine coinvariants yield a 
local system over the configuration space of . 

4.1. Notation. Given a weight n we may shift the origin in t* and write 

A7r = A-|-7r, A,r = A,r + CWOj VAst*. 

We'll choose a new origin n as follows 

TT = c^/e, 7 = (-1, -1, . . . , -1, -2, . . . , -e), 

where the integer — p has multiplicity i^p. The coweight 7 associated with 7 can 
be viewed as a cocharactcr of the torus T. So it yields the element 7(2;) G T for 
each z & . Note that 7(e) = g~^. Note also that accordingly to (3.2) we have 
X = X + {c/£)coo. 

4.2. Proposition, (a) There is an algebra isomorphism x : — >■ g^ yielding 
equivalences of categories — >■ C^, ^ Ov,k such that M(A)^ i-)- M(A,r)i/, 

(h) There is an algebra isomorphism k : g^ — > g„ yielding equivalences of 
categories C^, „. 6,,,^ such that M(A)^' ^ M{jl^)^, L(A)^' ^ L{fi„) 

with fj, = —Wi,{X). 

(c) IfMG O^'fs then ^D^M) = "{^DM). IfMeC^ then "M = "(m). 
Proof : (a) We have 

(4.1) g^= 0(6) 0(6) = {CG0;[7,€i = &a- 

a=6mod^ 
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Conjugating by 7(— i)^^ takes ® t°- onto g(6) ^t""*. Composing this map with 
the assignment {—tY h-^ —t yields a Lie algebra isomorphism g. It lifts to a 

Lie algebra isomorphism 

(4.2) x:g^^g, l^l/£, ^^{-t)-'/\^(-/^))-S,,o{i:OVe, 

see [Kl, thm. 8.5]. The Lie algebra x(gj(,) is spanned by 1 and the elements ^^"^ 
with ^ G g(6) and a£ + b'^ 0. Therefore we have 

x(^ + ^l) = e+(^-(7:0)l/A V^Gf).. 

Part (&) is the same, using the conjugation by 'y{t) instead of 7(— Indeed, we 
get the Lie algebra isomorphism 

(4.3) x'-.e'^s, 1^1/^, &^^m'^'{&^'^)+Ko{7--ov^- 

Set >f = f o V. Note that *i(A) = -£'(— A) where, in the right hand side, the highest 
weight is relative to b'. Note also that twisting by V takes L{X)^ to the simple 
module L{'Wi,{X—„)) in O^^. Part (c) is obvious. 

□ 

To unburden notation, we'll write M i-> "M both for the equivalence — > 
and its inverse, hoping it will not create any confusion. 

4.3. Notation. Let S = Au{n + 1}. Let 2/i) ^ € (S, be as in Section 3.9. Recall 

that Xn+i — Un+i = oo. Recall n-tuples {xi;i G A), {yi;i € A) belong to Cn.i, 
Cn,i respectively. View Xi, yi as coordinates on Cn,e, Cn,i- Then the assignment 
yi xl yields an inclusion 

The group Dg^ acts on by multiplication. We have 

Next, there is an obvious isomorphism /D^ which gives rise to an isomor- 

phism Vy/De, -^f^ - {xl;i & S}. So we may identify 

C[¥l]'=C[z,{z-yi)-']. 

4.4. Twisted afiine coinvariants versus untwisted ones. We want to compare 
twisted afSne coinvariants with untwisted ones. To do that we first generalize the 
construction of the functor £ in (3.6) by inserting an almost smooth g;^ -module 
at the point xq = 0. More precisely, given M e and M' G we consider the 
vector space 

T{M',M) = M' ®T{M) 

= M'(8)(V*)®"(8)M. 
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Equip the R„^£-module T{M', M)r,^^ with the unique R„,^-hnear representation 
of the Lie algebra fl[C^]^ such that 

n 

Then we set 

€{M',M)n,e = Ho(0[C><]^,T(M',M)r„J. 
The fl[C^]^-action on T{M', M)r,^^ centrahzes the B„^^-action. We get a bifunctor 

gf -mod X g^-mod B„,rmod, (M', M) ^ €{M', M)„,^ 

The B„^^-modules €{M)n,e and £(M',M)„^^ are related in the following way. 

4.5. Proposition. There is a natural isomorphism of ^n,e-modules €{M)n^e — > 
€{Miajof,M)n,e. 

Proof : This is a consequence of Proposition 3.11(6). To unburden the notation we 
give a proof for n = 1 and we set R = Rn,e- The case n > 1 is the same. Set 

a = fl[Cxr, b = Q[Cf, a' = {z-'Q[z-']f. 

Let b = b ® C, the trivial central extension of b by C, and let a be the central 
extension of a by C associated with the cocycle ® /) C ® 5) '"^ • O^^^z=o{gdf). 
The assignments 

yield representations of on and 0i{ Mr of level c and — c respectively. 
We have an isomorphism of dij-modules 

Here bn acts trivially on R. The induction datum {cir, ba, a^, R) is i?-split. Thus 
the tensor identity yields an isomorphism of Ofl-modules 

T{M',M)rc^TII{T{M)r). 

Thus we have 

£(M',M)„,^ ~ Ho{b,T{M)R) = £(M)„,^ 

□ 

Next, assume that M e and M' e . Set N = "M and N' = "M'. The 
gre-modules N, N' are almost smooth by Proposition 4.2. They are canonically 
isomorphic to M, M' respectively as vector spaces. Let B„^^ act on {V*)^^ ^ as in 
(3.4). Setting ^ = 1 we get a B„,i-action on (V*)^" ^. The inclusion R„,i c R„,£ 
in Section 4.3 yields an embedding W k R„.i c B„^^, where the e^'s act trivially 
on R„,i in the left hand side. Thus, by induction, the algebra B„_£ acts on 

(v*)i:,, ®R„,, R„,.. 
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Now, consider the R„,^-linear map 

t; = wi (g) V2 (g) • • ■ (g) I-*- 7{xi)vi (g) 7(a;2)t;2 <g • ■ • (g 7(a;„)w„, 

It is indeed a B„^^-linear map (the (3„-nnearity is obvious, and to prove the W- 

Hnearity it is enough to observe that 7(e) = , sec Section 4.1, and that £iV = 
g(i)V, see Section 3.1). This yields also a B„^£-linear map 

(4.4) ^ : T{M', M)r„ , ^ T{W, N)r^ , «)r„_, R„,^ 

4.6. Proposition. Let M e , M' ^C^' , N = "M and N' = "M' . The map >c 
gives a 'Rn,e-fnodule isomorphism €{M' , M)n,e — >■ £(W, A'')„_i (gR„ ^ Rn,«- 

Proof: We must prove that the B„_^-linear map x in (4.4) factors to an isomorphism 

of B„_^-modules 

7?o(0[C^]^,T(M',M)R„J^ifo(0[C^],T(W,iV)R„,J®R„,,R„,^ 

The vector space ^[C^]''^ is spanned by the elements 

^ (g 2;" with ^ e fl(6), a = -b mod i. 

Here g{b) is as in (4.1). The conjugation by j{z) takes ^ (g 2;" to 

7(2)(^(g0'') = ^0 2"+^ 

Composing it with the linear map ^ (g 2"+'' i-)- ^ (g yields a Lie algebra 

isomorphism 

(4.5) 0[C><f ^fl[C><]. 

We'll regard R^,! as the subalgebra of Iin,e generated by the elements yi = xf. 
Under the map (4.5) the element ^ (g 2" e g[C^]^ above acts on T(W, N)r^^i as 

n 

i=l 

n 

i=l 

Here the maps x' : — ?• g and X- : g^ — > g are as in (4.2), (4.3). Note that 

T{W,N)n^^, = r(t7V',7V)R„_, ®r„,, R„,^ 
Under the canonical isomorphisms 

W = "'m' ~ M', N = ''M ~m 

the actions of the elements x' ($('")), x(tt^(")) on W, iV are the same as the actions 
of the elements ^^"^ jj^'") on M', M respectively. Therefore, we have 

^ 2« • x{v) = x((C z") ■ v), Vv e T(M', M)r„_,. 

□ 
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5. Complements on the category Ov,k, 

This section is a reminder on the structiirc of the category O for (untwisted) 
afEne Lie algebras. This section does not contain new results. Proposition 5.8 is 
proved in the appendix. It is standard, but we have not found any proof in the 
literature. Recall that we'll always assume that k e C^. 

5.1. Complements on the afRne Weyl group. When it creates no confusion 
we'll abbreviate © = Let 6 be the afRne Weyl group of 6, i.e., the semi-direct 
product & IK Zn. For any real afSne root a let £ © be the reflection associated 
with a. There is a unique linear representation of 6 on t* such that w G 6, r G ZII 
act in the following way : 

w{ei) = e^i^i), w{loo) =u:q, w{5) = 5, t{S) = S, 

T(ei) = Ci- {t : ei)S, r(a;o) = r + - (r : t)S/2. 

We abbreviate 

p = p + mcjo. 
The dot-action of © on t* is given by 

w • X = w(A + p) — p. 

Both actions factor to representations of © on the vector space t'. Recall the 
notation 

(5.1) A = A-|-cwo, \ = X + zx5, zx = -{X : 2p + X)/2k, VA G t*. 

We have X = w • fi iS X = w • fl. 

For each A G t* we set 

n(A) = {a G ft; 2(A + p : a) G Z(a : a)}. 

Let t*o = {X et* ; {X + p : S) 0}. Note that if A is as in (5.1) then it lies in iff 
K ^ 0. For each A G we have 

n(A) = {a G Are; (A + p : a) G Z}, 

a root system with the set of positive roots n(A)"'" = n"*" fl n(A). Let ©(A) be its 
Weyl group. We call 6(A) the integral Weyl group associated with A. 
For each A G tg we consider also the group 

&x = {w G 6 ; w • X = X}. 

It is a (finite) subgroup isomorphic to the Weyl group of the root system 

tlx = {a€fl,e;{X + p:a) =0}. 

See [KT, sec. 2] for details. 

Finally, let 11,^, 11+, 6y be the root system, the set of positive roots and the 
Weyl group of f)^. Note that c H and n+ = n+ n U^. 
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5.2. The partial order on A^^ . We'll say that an afBnc weight A G t* is v- 
regular (resp. v -integral) if we have (A : a) 7^ (resp. (A ; a) G Z) for each a G 11^. 
Note that if A + p is i^-regular and integral then there exists a unique element 
w €:Gv such that 

A+ := w • A 

is i/-dominant, and we set 

sn{\) = 

We equip the set t* with the partial order given by 

A > ^ <^ A-/X G Nn+. 

Now, we define the following partial orders on the set of z/-dominant afHne weights. 

(a) Let =^ be the transitive closure of the binary relation such that A ff /i iff 
the simple g-module L(A) is a Jordan- Holder factor of the parabolic Verma 
module M{ij,)^. 

(6) Let < be the transitive and reflexive closure of the binary relation such that 
A t M iff there is a root a in n+ \ 11+ such that {fx + p ■ a) G Z>o, Sc« • M + 
p is z^-regular, and we have 

A = (Sa • n)+ < H- 

5.3. Proposition, (a) The partial order < refines the partial order =4- 
(b) //Homg(M(Ai)^,M(A2)^) ^ then Ai < A2. 

Proof : Part (6) follows from (a), because if G Homg(M(Ai)y, M(A2)^) is non 
zero then 0(M(Ai)i^) is a submodule of M(A2),y whose top contains -L(Ai). Hence 
L{Xi) is a Jordan-Holder factor of M(A2)i/. Now, we prove (o). We must prove 
that if /i =^ A then /i < A. Given a //-dominant affinc weight A G t*, the Kac- 
Kazhdan formula for the Shapovalov determinant of the contravariant form on 
M{X)v restricted to its weight /U-subspace is given, up to a non-zero scalar, by the 
expression 

det(A),,^ = n n (2(A + p:a)-n{a: a))'^^^"""'^-, 
">Oaen+\n+ 

X(AW= ^ (-l)'("'MimM(M;.A),,^, 

see [KK, p. 107]. Let us consider the sets 

Sx = {aeU+\U+;3n€ Z>o, 2{X + p:a)= n{a : a}}, 

= {aGfl+\n+; (A + p:a) gZ>o}, 

Sx = {a G S\ ; Sa » X + p is i/-regular}. 

Now, suppose that is a subquotient of M{X)i, with A, fj, both i/-dominant affine 
weights and fj, < X. Then -^(/i) must be a subquotient of the maximal submodule 
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M{X)l of M (A),y. The Jantzen filtration yields a decreasing sequence of submodules 
M(A)^, A; > 0, of M(A)^ such that 

^ch(M(A)^)= ^ sn(s„.A)ch(M((s,.A)+),), 

fc>0 aeS° 

where the symbol ch denotes the formal character, see e.g., [J, sec. 4.1]. Thus there 
is a real affine root a & such that L{^) is a subquotient of M{{sa • A)+)y . Since 
(sa • A)+ t an obvious induction implies the proposition. Compare the discussion 
in [JLT, sec. 9.4-10.6] for instance. 

□ 

If A, fi are as in (5.1) we may write /x < A for /i < A. To define the order relation 
we embed O^, ^ in ^ and we equip the set with the order < of the highest 

weights of the parabolic Verma modules. 

5.4. Remark. Note that if A < /z then /x - A e NU+ and A G 6 • /z. 

5.5. The truncated category. Recall that denotes the pronilpotent radical 
of Qi,. Let n'-' C n+ be the set of roots of Uj.. Set z = C5 © 3 © CI where 3 C f)^ 
is the central Lie subalgebra such that f)^ = [f)!y,[)!/] ©3. Note that z C t. Let 
z -.t* ^ z* he the restriction of linear forms. We equip the set z* with the partial 
order such that 

Z2^zi ^ Z1-Z2G ziNfl"). 
Given a finite subset B C z* we put 

^A = {Xet*;3(i e B, z{X) ^ (3}. 

Let ^Ov^K. C Ov^K. be the Serre subcategory consisting of the modules whose A- 
weight space vanishes if A ^ ^A. Note that any object of (5^^ lies in ^Ov,k for 
some B. The following is well-known. 

5.6. Proposition. The category ^Ol^^ is a highest weight category. The poset of 

standard modules is the set of parabolic Verma modules which belong to ^Ol^^ with 
the order relation <. 

Proof : By Proposition 2.9(c) the category 0^5, is Abehan, any object has a finite 
length, and Horn sets are finite dimensional. Thus te category ^O^^ is Abelian and 
Artinian. The axioms (a) and (c) of quasi-hereditary categories, see Section 0.1, are 
obvious. The axiom (6) follows from Proposition 5.3(6). Thus it is enough to check 
that any parabolic Verma module M has a projective cover in ^Ol^i^ whose kernel 
is standardly filtered with subquotients > M. This is well-known, and proved in 
[RW, cor. 10, cor. 13, thm. 4]. See also [FKM], [S] for a more recent exposition. 

□ 

5.7. Kazhdan-Lusztig polynomials. Set 

21 = {A e tS ; (A p : a)< 0, Va e n(A)+}. 



Recall that for each A € tg such that n(A) 7^ and {\ + p : 6) ^ Q>o the set 
(6(A) • A) n 21 consists exactly of one element, see [KT, lem. 2.10]. Fix A e tg. 
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Let C 6 be the set of minimal length representatives in the left cosets relative 
to &x. Since &x is also a parabolic subgroup of the integral Wcyl group 6(A), 
the set (3(A)^ is well-defined. We'll use the symbol Py i^^^ for Deodhar's parabohc 
Kazhdan-Lusztig polynomials of type &{X)/&x, see [D]. 

5.8. Proposition. Let X € 01 be such that n(A) ^0. If w € &{X)^ is such that 
w • X is f- dominant, then we have the following formula in [O^^] 

[L{w.X)] = 5](-l)'(-)-'('')p,^-i(l)[M(^.A).]. 

The sum is over all v G 6(A)^ such thatvX is v-dominant. The symbol < denotes 
the Bruhat order on 6(A). 

5.9. Remark. Note that if A G 21 is such that n(A) ^ then we have k := {X + p : 
S) i Q^o, see e.g., [KT, lem. 2.10]. 



6. Definition of the functor € 

We can now construct our main functor €. It takes a module from the affine 
parabolic category O to a module in 'Hh,H- We'll prove that the functor £ preserves 
the posets of standard modules. In this section we'll make the following assumption 

V e Cm,l, K ^ Q>o, h = 1/k, 

hp = u'/k — m/lK, Vp e A. 

6.1. Notation and definition of Recall that by Proposition 3.6(6) we have a 
functor 

Composing it with the functor x in Proposition 4.2(a) we get the functor 
(6.1) e : C« ^ Hh,H-mod, M ^ Ho{g[Cf ,T{''M)n) ■ 

Recall that 

7r = c(-l,-l,...,-l,-2,...,-£)/A 
where the integer —p has multiplicity fp. Set 

A„ = A + 7r, A^ = A^ + ca;o, X-„ = X-„ + zx^S, VA G 1*. 
If A G t* is a z/-dominant weight we'll abbreviate 

AA,iy,K = M(A7r)jy, Sx,u,K = L{XTr)- 

Given a finite subset B C z* let ^Px,v,k denote the projective cover of Sx,v,k in 

Bq 
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6.2. The functor 2; and the standard modules. First, let us compute the 
image by £ of the standard modules. 

6.3. Proposition, (a) The functor € is right exact and takes Ov,k to 'Hh,H- 

(b) We have €{Ax^^^i^) = A;v°,/i,// if X ^, and else. 

(c) The functor £ takes Olf^ to hI^h- 

Proof: First, we prove (a). It is enough to check that T(M)r, is a locally nilpotent 

R*-module for M G 0^,^- We'll identify M with the g-'^-module "M. By Proposi- 
tion 3.6(6) the operator yi — jfn+i vanishes on the vector space T(M). Fix a finite 
dimensional g^^-submodule E c M. Formula (3.8) implies that 

where C R is the subspace of the polynomials of degree ^ a. We have also 
(6.2) 7,':„+i(r(i?)R)cT(gf„E)R. 

Thus, since the action of g^j, on E is nilpotent and E is finite dimensional, there is 
an integer d > such that {'-ff^^_^_iy{T{E)R) = 0. Therefore, if b is large enough then 
yi{T{E)R^^) = 0. The right exactness of (£ is obvious, because taking coinvariants 
is a right exact functor. 

Now, we prove (6). Given a g^^-module M we consider the induced g^-module 
M^. We have an isomorphism of B-modules £(M^) = r^(X(M)) by Proposition 
3.8(6). The yi-action on an element v G X{M) is given by UiV = jfn+i''^ 
Proposition 3.6(6). If g^^, annihilates M then (6.2) yields yiV — 0. Thus the 
subalgebra B* C tih,H acts trivially on the subspace X(M) C €{M^). This yields 
a B* -module isomorphism 

Now, Proposition 4.2(a) yields 

(£(Aa,,..«) = e:(M(A,)„) = £(L(f),„ A)^). 

We are done, because X(L([)i,,A)) = X\o by Proposition 3.8(a). 

Finally, we prove (c). Given M € we must check that £(M) has a finite 
length. This follows from an easy induction on the length of M. First, if M is 
simple then it is a quotient of a module Aa^i^.k- Thus, since (£ is right exact, <B{M) 
is a quotient of A^o,/!,//. Thus (£(M) Hes in Next, there is an exact sequence 

Aa,^,« ^ M ^ TV ^ 

such that the length of N is strictly less than the length of M. Since £ is right 
exact this yields the exact sequence 

Axo,h^H ^ g(M) ^ S(iV) ^0. 

Thus €(M) has a finite length by the induction hypothesis. 

□ 

Now, we can compare the partial orders on the set of standard modules in Ov,k 
and in 'Hh,H- 
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6.4. Proposition. If X, ij. € V^^^ and A^,^,« < ^\,v,k then A^o^/^^^f =<; Axo^h,H- 

Proof : Recall the decomposition J = Ji U J2 U • ■ • U in Section 1.4. Let 7, r be 
the weights given by 

jj = hi + h2 -\ ht-p, Tj =m + Vi, Vj G Jp. 

For each weights A, ^ we set 

a{X,n) = (A : X + 2t + 2p)/2k- {jj, : /x + 2r + 2p}/2K. 

A computation yields 

(Att - Mtt : TT + CWo) = czx^ - cz^^ + {X - jj. : tt) 

= m{X- jjL : -k)/k,-c{X : A + 2/9)/2k + c(/x : fi + 2p)/2K 

= (A — /U : CT + rmT)/K — ca{X,fi). 

On the other hand, we have 

Ka{X,ij) = ^(n(*Ap) -n{*iip) - n{Xp) +n(/Ltp)). 
p 

So we get 

V - = -i + • • • + Vi)(l a; 1 - K\) - ^a(A, m), 

p 

= -e{X-n: j)-ia{X,n). 
We claim that we have 

(6.3) c{9^o - 0xo)/£ = {Xj, - : n + cojo). 

It is enough to check that CK'y + cr + mn = 0. Since this tuple has the same entries 
on each segment Jp, it is enough to prove that its ip-th entry is zero. The latter is 

cnhr + c{v^ + vi + V2 + ■ ■ ■ ^p-i) — cmpjl = 

r=l 

t-p £-p 

c{Khr — i^') + cm{£ — p)/i = c{Khr — v' + m/tj = 0. 

r=l r=l 

Now wc prove the proposition using formula (6.3). Assume that /i^r < X^^. By 
definition of the partial order <, a simple induction allows us to assume that 

Ati- = {sa • A7r)+ < A^, a e n+ \ n+. 

For each simple afhne root ai we have (a^ : tt + cwq) = c/£ or 0. Therefore 
a G n+ \ n+ ^ (a : TT + cwq) G Z>o c/l. 

This implies that 

(A^ - /Xtt : TT + CWo) = (Att - Sa • Att : TT + CWq) G Z>o c/l. 

Using (6.3) this yields 

Thus, the definition of the order in (1.4) implies that 

a 
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6.5. Remarks, (a) We have C(M) e HhM for any M e but (£(M) = if M 

is a simple module which does not belong to Oj^.k. 

(6) The Lie algebra is Z-graded by letting ^("^ be of degree —a. We can 
consider the category of Z-graded modules which belong to O^^^. The algebra 
llh,H is Z-graded as in Section 1.6 and we can also consider the category of Z- 
graded modules which belong to 'Hh,H- The functor £ lifts to a functor between 
these categories of graded modules. 

6.6. Examples. Write Ip for the ^-partition whose p-th partition is (1) and all 
other are zero. 

(a) Set K = -2, n = 1, m 10, ^ = 4, ;^ = (2,1,6,1). We have Aio^^^^ ^ 
Ai°,/,,i/ >- ^ii,h,H >- ^ii,h,H and Aig,;,,^ > Ai^,!.,^ Ai^^^,,^ > Ai^_j.,k. Thus the 
implication in Proposition 6.4 is not an equivalence. 

(6) A direct computation shows that the module Ao,^,^ may not be simple (f.i., 
set K = -1, m = 7, £ = A, and ly = (1, 1,4, 1)). 



7. The functor £ is exact on standardly filtered modules 

li £ = 1 the functor £ is an equivalence of quasi-hereditary categories. Since 
there is no proof in the literature we have given one in Section A. 5. For an arbi- 
trary positive integer £ this is not true anymore. However we expect £ to be an 
important tool to prove the dimension conjecture. We'll prove that £ is exact on 
standardly filtered modules. We conjecture that it preserves the set of indecompos- 
able projective modules. In this section we'll assume once again that 

iy&Cm,e, K^Q^o, h = l/K, 
hp = V*/ K — m/ £k, Vp e a. 

7.1. Reminder on the Ka^hdan-Lusztig tensor product. A monoidal cate- 
gory is a tuple {A, 0, a, 1) consisting of a category A, a functor ® : A'X A^ A, & 
natural isomorphism 

0'L,M,N '■ 

(L (g) M) (g) iV L (g) (M (8) iV), L,M,NgA, 

and a unit object 1 satisfying the triangle and pentagon axioms, see e.g., [O, 
sec. 2.2]. The isomorphism a is called the associativity isomorphism. A category 
is a left module category over the monoidal category {A, (gi, a, 1) iff there exists a 
functor : Ax M ^ M together with natural associativity and unit isomorphisms 

{M(E)N)(g)X ^M(g){N(g)X), 1(E)X^X, X G M, M,N€A, 

which satisfy appropriate pentagon and triangle axioms. In other words, a left 
module category is the same as the datum of a monoidal functor A Fun{M,Ai) 
to the monoidal category of endofunctors of A4, see [O, prop. 2.2]. Similarly one 
defines the structure of a right module category. Finally, a category Mis a bimodule 
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category over {A, (g, a, 1) iff M has both left and right (.4, (8), a, l)-module category 
structures and a natural family of isomorphisms 

{X(g,M)(^Y ^X(S){M®Y), X,Y€A, MeM 

satisfying the obvious pentagon axioms, see e.g., [Gr, prop. 2.10]. 
Now, recall that the Kazhdan-Lusztig tensor product 

® ■■ Oil, X oi% ^ Oil, 

equips Oil, with the structure of a monoidal category 

{dil,,<^,a,M{avo)), 

see [KL, sec. 14.6, 18.2, 31]. The space of afEne coinvariants is defined as in Remark 
A. 2. 2. It depends on the choice of a point x in the set C defined in Remark A. 2. 2. 
When no confusion is possible we'll abbreviate 

{M,;i€S) = {Mf,ieS)^. 

The following is folklore. Sec Section A. 2 for details. Note that we'll note use 
Corollary 7.3 in this paper. It is given here for the sake of completeness. 

7.2. Proposition, (a) There are right biexact bifunctors (g) : Oil, x Olf, — > Olf, 
and : x Oil, — >■ yielding the structure of a bimodule category over 

idil„^,a,M{cx,o)) on 61%. 

(b) For Mi,...Mn € oil, Mo,M„+i e there are natural isomor- 
phisms of finite dimensional C-vector spaces 

(Mo(g) • ■ • (8)M„, +M„+i) ~ (Mo, Ml,... *Mn+i) 

~ Homg(Mo(g) • • • (8)M„, ^DMn+i)*. 

(c) The bifunctor (g) takes 6^^ , x 6^, and 6^, x 6^^ , into 6^,. 

7.3. Corollary. For M e Oil, the functor Rm ■ Olf, -)■ Olf,, N i-> N^M is 

exact. If the module M is standardly filtered then Rm preserves the subcategory 
O^,. The functors Rm, Rdm are adjoint (left and right) to each other. 

In what follows we will omit from notation the associativity and unit isomor- 
phisms, as is justified by the Mac Lane coherence theorem. 

7.4. The KZ-functor. Fix q and a tuple Q = {qi,...qt) in (C^)''. The 
Ariki-Koike algebra A^^q is the C-algebra with 1 generated by Tq, Ti, . . . r„_i mod- 
ulo the defining relations 

(To - gi) • • ■ (To - qe) = {Ti + l){Ti -q)=0, 

rr\ rrt rf~\ rT~\ rr^ rrt rrt rri rr\ rr< rT~\ /ti rr\ rr< rr\ rr< /ti /ti 

iO-l iJo-il = -ll-lO-ll-lO, J-i-li+l-'-i = -Li+l-l-i-li+l, lilj = Ijli. 

Assume that 

(7.1) q = cxp(2i7r/i), qp = exp(2z7r(/ii -h /12 H /ip-i + (p - 1)/-^)), Vp G A. 

Let ^ : T-Lh,H y.h,H,^ be the quotient by the Serre subcategory generated by 
the modules M such that M„^^ = 0. By [GGOR, sec. 5.1,5.3] the Riemann-Hilbert 
correspondence yields an equivalence of categories 

KZ : 'Hh,H,'y Ag^g-mod. 

Composing €, ^ and KZ yields the functor 

•Skz : 6„^, Ag,Q-mod. 
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7.5. Comparison of (£kz with the Kazhdan-Lusztig tensor product. Recall 
that V is the dual of the vectorial representation of q and that V* = -D(Vk). 
Consider the following gK-module 

V„,.,« = Ao,.,.®(V«)®". 

It lies in the category by Proposition 7.2(a). So the C-algebra 

is finite dimensional. The duality of C- vector spaces M i— )■ M* yields a functor 

^ ■ A°P^,„-mod -H- A„,^_«-mod. 

Composing the functor 

: O^,. ^ A^,^,-mod, M ^ Homg(V„,,,,, M) 
with S yields the functor 

7.6. Proposition. There is an algebra homomorphism (j) : Ag^Q A„^^_k such 

that €kz = </> o 1? o ^D. 

Proof : Let €c be the composition of £kz and the forgetful functor 

Ag,Q-mod — > C-mod. 
Let S^c be the composition of 'S and the forget functor 

A„ ,y K-mod C-mod. 

The proof consists of two steps : first we construct an isomorphism of functors 

then we define an algebra homomorphism 

such that ■)/' lifts to an isomorphism of functors 

Now fix a module A'' in O^^. Proposition 7.2(6) yields 

5c(iV) = (M(^ + cwo).,V«,...V«,DiV). 
Consider the g^-module M — "N . By Proposition 4.2 we have 

M{cuJo)^' = -{m{-K + CLOq)^). 
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Recall that we have 

^ K — * re- 
Fix tuples X £ Cn.e and y £ C„,i as in Section 4.3. Assume that x, y belong to 
the set C defined in Remark A. 2. 2. Applying successively Propositions 2.14(d), 
Propositions 4.2(6) and 4.6, and Proposition 3.11(6), we get natural isomorphisms 

5c(iV) ^ {'MiiT + cc^o)., V:, . . . V:, 'DN)^ 

~(M(cwo)^',v:,...v:,ti?M), 
^(v:,...v:,™),. 

By Proposition 3.11(a) the vector space (V*, . . . V* , ^DM)^ is the fiber at the point 
X of the PF-equivariant locally free sheaf over Cn,e associated with the R„,£-module 
(V;^, . . . V* , t£)M). Remark 3.12 yields 

{Vl,...V:,'DM) = €CDM)n,e. 

Further the R„,£-module €{^DM)n^e is equipped with a flat W-equivariant con- 
nection V which comes, via Proposition 1.8, from the representation of Jlh,H on 
€{^DM) in Proposition 3.6(6). 

Let p : Cn,( Cn,( be the universal cover of the complex manifold associated 
with the C-scheme Cn,e- By definition of the functor (£ we have 

Since the vector space <Bc{^DN) is obtained from the Ag^g-module €k7,{^DN) by 
forgetting the Ag^Q-action, it is canonically identified with the vector space of 
holomorphic horizontal sections of the connection V over Cn,e- Recall that C is a 
contractible subset of Cn,i containing the point x. Fix once for all a contractible 
subset C C Cn,e such that p restricts to an isomorphism C ^ C. Restricting 
functions on Cn,e to C and taking the fiber at x, viewed as a point of C via the map 
p, yields a natural isomorphism of vector spaces 

m) ■■ <Bc{'DN) (v:, . . . v:, ^dm)^ ^ ^dN). 

Further, the A^^g-action on the functor (Be given by £kz gives, via the isomor- 
phism ip, a Aq^Q-action on the functor 5c- This action comes from an algebra 
homomorphism ^ as above, by the following consequence of Yoneda's lemma. 

7.7. Lemma. Let M be an object of an additive category A. If a ring A acts on 

the functor Hom^(A{f, — ), then there is a ring homomorphism : A — > End^(M)°P 
such that the action of any element a G A on F is the composition by <p{a). 

a 

7.8. Corollary. The functor (£ restricts to an exact functor O^^ — >■ 'H^ jj. 
Proof : First, let us note the following basic fact whose proof is left to the reader. 
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7.9. Lemma. Let ^ : B he a right exact Junctor of quasi-hereditary categories 
such that 2;(A_4) c Ag U {0}. Let "s? : S — >■ B'y be an exact functor such that 
Horns (M, iV) = for each M GKeT{^), N e B^. If^o(£is exact on then (£ 
restricts to an exact functor A^ — > B^ . 

There are no nonzero homomorphisms M — >■ TV for each M G Ker Cv") and N G 
T-L^ fj, because a standard H/j^//-modulc is torsfon free as a R- module. To prove 

that ^ o € is exact on O^^, it is enough to check it for £kz- Thus the claim 
follows from Proposition 7.6, because the module Yn,v,K is standardly filtered by 
Proposition 7.2(c). 

□ 

7.10. Conjecture. // is large enough then we have €{^Px^v,k) = Px°,h,H for 
each A e "P^,^- 

7.11. Remarks, (a) For £ > 1 the functor £ may be not exact. It may also 
take a simple object to a non-simple non-zero Hf^^/f -module. Indeed, set «; = — 1, 

m = 7, £ = 4:, I' = (1,1,4,1), n = 1, as in Example 6.5(&). Wc have ^(Aip,^,^) = 
^i°,h,H for each p. We have also €(Aai,i/,k) = and there is an exact sequence 
£(Aai,^,«) e(Ai,,^,«) ^ <B{Su,^,^) 0. Thus e(Si„^,«) = Ai=,fe,H, which is 
not simple. Further we have Sio,h.H — ^\\.h.n s-nd there is an exact sequence 
— > Si°^h,H — ^i°,h,H Si°^h,H — >■ 0. Thus the derived functor L~^<E is non-zero 
and it takes Sxi^v,k to Sio^h,H- 

(b) The morphism (p in Proposition 7.6 is injective. We do not know if it is 
invertible. To prove this we must check that the representation of A^ g on €kz{M) 
is faithful for some module M. Since KZ is exact and 'Hh,H has enough projective 
objects, there is a module Pkz S 'H^'^h which represents KZ. We have A^^q = 
KZ(Pkz) by [GGOR, thm. 5.15]. We claim that if -^A is large enough there is a 
projective module P e ^Oi^.k. such that Pkz is a direct summand of £(P). Therefore 
the representation of A^ q on 2:kz(P) is faithful. The proof is omitted because we'll 
not use this result. 

(c) Recall that we have [dl%] = [O^J and ["H^^] = [nl%]. The derived functor 
L*(£ yields a group homomorphism [Ol^,^] [T^i^H] ^^(^^ that [Aa,;/,k] m> [Aa°ji,h] 
if A e P^ J, and [Ax,u,k,] else. Conjecture 7.10 implies that [^P^,i/,k] maps to 
[Pn°,h,H] for all e ■P^^j,. So Brauer reciprocity implies that 

(7.3) [Va" ,/(,// : <S'^°,/»,ff] = [VA,i/,K : •S'/^.j/.k], 

where VA°,/i,ff , Va.j/ are the costandard modules with socles S\ofiH, S\^i, in 'Hh,H, 
O^^K respectively. This dimension formula is not the same as in the dimension 
conjecture. See Section 8 for a comparison of the two formulas. We do not know if 
they are equivalent. 

(d) The module (£(^Pa,i/,k) does not depend on the set P if A £ Vf^ ,^ and 
^A is large enough so that fl.,^ G ^ K for all /i £ ^. Indeed, if P C P' and 
M e ^'d)i,,K let be the maximal quotient of M which belongs to ^6^^^. The 
functor M ^ maps ^ P\,v,k to ^P\,v,k, see [Do, sec. A.l]. Brauer reciprocity 
implies that the kernel of the obvious projection ^ P\,v,k — > ^P\,v,k is filtered by 
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parabolic Verma modules whose highest weights belong to A \ ^A. The claim 
follows. 



8. The affine parabolic category O and the Fock space 

Fix integers w, £ > 0, e > 1 and fix a composition s € Cm,i- In this section we'll 
use freely the notation from the appendix. In particular, we have defined there the 
integers A^^ ^ V^^ ^ ^o, the ste-module A*, and the basis elements |A, s, e, s°), 

g{\s,e,s°)- of A". 

8.1. The affine parabolic category O and the Fock space. The level I Fock 
space Focke,s° associated with the multicharge s° is a slg-module of level (. which 
is the limit of a filtered inductive system of vector spaces A*", with r a positive 
integer. Each A*" is equipped with a level zero representation of slg. See Section 
A. 4 for details. 

Now, let K = —e. For each weight A € t* we'll write A = A + (k — m)a;o- Let 
TT € t* be given by 

■K + p = (Sl, Sl - 1, . . . 1, S2, S2 - 1, • • • , S£ - 1, • • • !)• 

Note that tt is NOT the same as in Section 6.1. Given an s-dominant weight A we 
abbreviate 

Let As,-e C Ok be the Serre category generated by the modules Sx^s.-e, A G Zf.^. 
The proposition below identifies the vector space [.Af (i) C with a submodule A* 
of the sle-submodule A™. Thus we can regard [^{^g] (X)C as a subspace of Focfce,s° • 

8.2. Proposition. There is a vector space isomorphism 
[^^f_e]®C^A^ [Ax,s,-e]^\\s,e,s°), [Sx,s,-e]^Q{\s,e,s°)-. 

We have V^^'o^^o^g^^o - [A\,s,-e ■ S^,s-e] for each A,/i e Vn,s- 

Proof : We have A,r + P = a{X,s,s) by Remark A. 4. 4(a). Proposition 5.8 and 
Proposition A.4.3(6) yield 

[S^,,,_g] = ^(-l)'(-)-'(''-)pj;-i (l)[A,,,,_g], 

A 

g{n, s, e, s°r = J2{-lf''^'>-'^^-'>PJ;-l (1)|A, s, e, 

A 

where 7 € 21, vx,Vn G 6''' such that t'A • 7 = A^, • 7 = Ax and > vx- This 
proves the first claim. The second one follows from Proposition A. 4. 3(c). 

□ 
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8.3. Yvonne's conjecture. Fix an integer n > 0, q € and a tuple Q = 
{qi,. . . qe) in (C^)^. Let Aq^g be defined as in Section 7.4. The cydotomic q-Schur 
algebra Sq^q is the endomorphism algebra of a particular projective A^^Q-module. 
It is a quasihercditary algebra. In particular, for each A G there is a standard 
module A^.^.q with a simple top S\^q^Q. See [DJM, dcf. 6.13] for details. Yvonne's 
conjecture [Yv, conj. 2.13, def. 2.5,4.4] is the following one (note that our hypothesis 
differ slightly from the ones in loc. cit.). 

8.4. Conjecture. Assume that q = exp(— 2z7r/e), qp = exp(2i7rsp/e) and Sp+i — 
Sp>nforp^ L Then we have [^x,q,Q ■ S^^q^q] = _^ for all X,iJ.€ V^. 

8.5. The dimension conjecture. Let q, Q be as in (7.1). Assume that 

(8.1) (« + l) n (V-V)^O, hp^{l-n)h, h<0, 'ip^L 

We have the following [R, thm. 6.8]. 

8.6. Theorem. If {7.1), (8.1) hold there is an equivalence of quasi-hereditary cat- 
egories HkM Sq,Q-mod taking Ax^h.H to /^x.q.Q. 

Now, assume that (7.1), (8.1) hold and fix A,/x in V^- Theorem 8.6 yields 

[A\,h,H ■ S^^h,H] = [AA,q,Q : S^^q^g]. 

Assume further that the following hold 

(8.2) h = -l/e, hp = Sp+i/e- Sp/e-l/e, Vp ^ £ 

The dimension conjecture compares also ["H^^^] C with a subspace of Focke^s° ■ 
We'll state a categorical analogue of this conjecture. It simply claims that Hh.H 
should be equivalent to a full subcategory An.s,-e oi As,-e if s G Cm,e,n- Taking the 
Grothcndicck groups wc; rcicovcr the usual dimension conjecture from its categorical 
version by Proposition 8.2. More precisely, let first note that (7.1), (8.1) and (8.2) 
imply that 

q = exp(— 2i7r/e), qp = exp(2z7r.Sp/e), Sp+i — Sp ^ n — I + e/£. 
Assume also that the hypothesis in Conjecture 8.4 holds. Then we should have 

(8-3) [Ax,h,H : S/^^hM = At+ tA,e,-s- 

The dimension conjecture says that this equality should hold without the lower 
bound in (8.1) on the parameters hp, see [R, sec. 6.5]. If s G Cm,e,n then {A.6) and 
Proposition 8.2 yield the equality 

(8.4) ^i,*A,e,-,s = [^A°,.,-e : 

Therefore, composing the equalities (8.3) and (8.4) we get the following one 

Before formulating the categorical dimension conjecture note the following easy fact, 
see Section A.6. Let An,s,-e be the Serre subcategory of As,-e generated by the 
modules S\^s,-e with A G Vn,s- 
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8.7. Proposition. The category A„^s,-e quasi-hereditary with respect to the 
order <. The standard modules are the modules AA,s,-e with X G Vn^s- 

Wo conjecture the following. 

8.8. Categorical dimension conjecture. If s G Cm,i,n and (8.2) holds there is 
an equivalence of categories An,s,-e '^h,H taking AA°,s,-e to A\^h,H- 

8.9. Comparison of the dimension conjecture with the functor £. Fix an 

integer m > and a composition S Cm.i- Let An.iy,K C O,^,^ be the Serre sub- 
category generated by the simple modules <S'a,i/,k with X € ^ (with the notation 
from Section 6.1). We define h, H in the following way 

(8.5) K = — e, h = 1/k, hp = y'/n — mljK, Vp e A. 
Then the functor (£ restricts to a functor 

(8.6) e : ^„,,,« ^ nh,H. 

Note that the integer m in Conjecture 8.8 and the integer m in (8.6) arc not the 
same. If £ = 1 we may choose them to be equal. Then (£ is Suzuki's functor and it 
yields the equivalence 

An,s-e ^h,H 

which is conjectured in 8.8, by Theorem A. 5.1. If ^ > 1 we do not know how to get 
a functor An,s,-e —> 'Hh,H from £ because, given h, H, the composition s and the 
integer m in (8.2) are different from the composition v and the integer m in (8.5). 

8.10. Remarks, (a) Note that An,ij,K is not a quasi-hereditary category for the 
order < on the parabolic Verma modules, see Example 6.6(6). 

(6) Let S' be the degenerate analogue of Sg,Q considered in [BK]. Assume that 
s G Cm,,i,n and (8.2) hold. Here we allow e to be any nonzero complex number. 
Now, assume also that e ^ Q. Then, it is not difficult to prove that the category 
ALn.s,~e is equivalent to a parabolic subcategory An.s C O. This is due to the fact 
that if K ^ Q then the induction functor T : Ol^ 

is is an equivalence of 
categories and also to the fact that there is a canonical isomorphism 

T{M)'^T{E) = T{M E) 

for all M e Ol^ and all finite dimensional g-module E (the proof is standard 
and will be given elsewhere). It is probably not difficult to prove that, under this 
assumption, the categories 'Hh,H and S'-mod are equivalent. We expect that, in 
this case, the equivalence in Conjecture 8.8 is precisely the equivalence of categories 
An,s S'-mod in [BK, thm. C]. 

8.11. Example. Assume that m = 7, ^ = 4, k = —1, p = (1, 1,4, 1), n = 1 and 
h= -1, H = (-9/4,3/4,3/4). Then we have u G Cm,e,n and (8.5) holds. Now set 
m' = 9 and e = 1, s = (3, 1, 2, 3). Then we have s £ Cm',i,n and (8.2) holds. Note 
that for this choice of m, £ and the equality (7.3) holds (a computation yields 
[Va,i.,« : -S^.i/.k] = 1 if A^,j.,« < Aa,,.,k and else). 
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A. Appendix 

A.l. Proof of Proposition 5.8. Fix A e 2lp and fix w G 6(A)'*' such that w • A 
is i^-dominant. Since w e 6(A)^ and (A + /5 : a) < for all a e n(A)+, we have the 
following formula in [Ol^] 

[L{wX)]= ^ (-1)'W-'WP,,^(1)[M(^;.A)]. 

Here the sum is over all w's such that w ^ v and Py^w is the Kazhdan-Lusztig 
polynomial relative to ©(A). See [KT, thm. 1.1] for details. Since w G &{X)^, for 
each u G <3(A)^ we have also 

E(-l)'(^)P„x,«,(l) = P„V(l) 

by definition of the parabolic Kazhdan-Lusztig polynomial of type ©(A)/© a- This 
yields the following formula 

(Al) [L{w.X)]= J2 (-l)'^'")-'('')i^.';.-'(l)[M(^..A)]. 

Next, observe that is a parabolic subgroup of ©(A). Indeed, given a simple root 
ai which belongs to 11^ we write 

{X + p : ai) = {X + p - w{X + p) : ai) + {w X : ai) + {p : ai). 

Then the first term is an integer because w G ©(A), and the second one is also an 
integer because w • A is i/-dominant. Thus we have 

©. C ©(A). 

We must check that if the simple root ai lies in then it belongs also to the basis 
of n(A)+. The latter consists of the real affine roots a such that Sa(n(A)"'" \ {a}) C 
n+(A). So the claim is obvious, because 

sa,(n+ \ {ai}) c n+, sa,(n(A)) c n(A). 

Now, consider the set 

S = {u€ &{X)^ ; U > SociU, VSai G 

Since A G 21, for each u G ©(A)'^ we have 

u • A is z^-dominant <^=^ u £ S. 

Further, it is well-known that if u, w G ©(A)"^ are such that u > Sa^u and v > SatV, 
then 

(A2) s^,u, s^,v G ©(A)\ = 
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Therefore if u,v £ ©(A)"^ and u» X, v X are both z/-dominant then we have 

(1) = (1). G n.. 

Note also that w G S and that if u» A is z^-dominant then the BGG resolution yields 
[M(u.A),]= ^ [M(xu. A)]. 

Thus the contribution of the elements u G (5(A)^ in the sum (A.l) which are of the 
form 

u = XV, X e &v, V £ S 

is equal to the sum 

^(_iyW-K^)pA^-i(l)[M(^;.A).] 

V 

over all elements v G ©(A)^ such that w ^ v and • A is i^-dominant. Using (A. 2) 
once again one can easily check that the other u's do not contribute to the right 
hand side of (A.l). 

□ 

A. 2. Proof of Proposition 7.2 and Corollary 7.3. 

A. 2.1. The Kazhdan-Lusztig tensor product. First, let us recall the definition 
of the Kazhdan-Lusztig tensor product. Let i? be a commutative C-algebra with 

1. Assume that i? is a Noetherian integral domain. Let F be its fraction field. 
Fix a unit k G , and set S = {1,2,..., n}. We'll use the same notation as in 
Sections 2.11, 2.12. Recall that 2: is a local coordinate on centered at and that 
X = {xi;i £ S) is a familly of distinct points of P^. Consider the Lie algebra 

Fix a family z = {zi;i G S) of local coordinates on P^ such that the coordinate Zi 

is centered at Xi. We can regard Zj as an isomorphism P^ P-'^. To each rational 
function / G -F(P^) and to each index i we associate the power series expansion 
in F{{z)) of the rational function / o Zi. Composing this formal series with the 
assignment 2 1— > we get a field homomorphism F(F^) F((ti}). Their sum gives 
a i?-algebra homomorphism R[Pl;] R{{ts)) and a i?-Lie algebra homomorphism 

^R,x -> Qr,S- 

Now. we set S' = {0, 1, . . . n}. Fix a family x = (xi; i € S) of distinct points of P-*^. 
Let Tr^x be the central extension of the Lie algebra Tr^x by R associated with the 
cocycle (^1 /i, ^2 O /2) ^ Res^oC/arf/i)- Let 

be the quotient by the ideal generated by the element 1 — c. The expansion at 
the points xt, i G S, gives a ii-algebra homomorphism R[f\] — > R{{ts)) and a 
i?-algebra homomorphism 



H,x,2m— K 
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The expansion at the point xq yields a i?-algebra homomorphism -R[Pi] — >■ R{{t)) 
and a i?- algebra homomorphism 

{AA) 

See [KL, sec. 4.6, 8.2] for details. Now, for each Mi G C(gi{,re), i G S, the tensor 
product 

ies 

(over R) has an obvious structure of ^ij^s^^-module. We equip W with the structure 
of a Tji^x, 2m- K-^odule via the map {A.3). For each integer r > let 

GR,r C U{tn) 

be the i?-submodule generated by the products of r elements in 

0^{/;/(a;o) = O}. 

Using (^.4) we equip the projective limit of i?-modules 

W = lim Wr, Wr = W/GR,rW 

i r 

with the structure of a gfl^^j -module. We define 

Mi^rM2^r ■ ■ ■ ^RMr, = >T{W), T{W) = Wi-oo). 

To summarize, if n = 2 then for any almost smooth gij^^-modules Mi, M2 the 
(smooth) gi{_K-module Mi®rM2 is given by 

Mi^rM2 = ^T{W), T{W) = W{-oo), W = \imW/GrW, W = Mi^rM2. 

See [KL, sec. 4.9, 8.4] for details. As above, if = C we simply forget the subscript 
R everywhere. 

A. 2. 2. Remark. The functor ® depends on the choice of the tuple of distinct 
points X = {xi;i & S) and on the choice of the coordinate Zi centered at Xi for 

each i, see [KL, sec. 9]. Unless mentioned otherwise, we'll choose once for all the 
coordinates as in Section 2.12, i.e., we set Zi = z — Xi \i Xi 7^ 00 and Zi = —z~^ 
else. The systems of coordinates associated with the tuples in the set 

C = {x&W-- < xi < • • • < x„} 

belong to the contractible real manifold introduced in [KL, sec. 13.1]. So the space 
of affine coinvariants, see Definition 2.13, is independent on the choice of a; e C by 
[KL, sec. 13.3]. We may abbreviate 

{Mi-i&S) = {Mi-i&S)^, x&C, 

if this does not create any confusion. 
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A.2.3. Proof of Proposition 7.2(a). If i? = C and k ^ Q^o the bifunctor (g) 
yields the Kazhdan-Lusztig's monoidal category [KL, sec. 31] 

{dil,,^,a,M{cuJo)). 

A. 2. 4. Proposition. Assume that R = C and k ^ Q^o- The functor (g) takes 
Oil,K X dl% and 61^^ x O^g,^ into 61^^. The tuple , 0, a, M(ca;o)) is a bi- 
module over {d^o^K,i^,a,M{ajOo))- 

Proof : The first part is proved in [Y, thm. 1.6], and the second one is claimed 
there. Since the construction of the associativity isomorphism is the same as in 
[KL, sec. 18.2] we'll not give more details there. Note that the axioms of a bimodule 
over a category imply that there is a canonical isomorphism from M(cujQ)(g)— to 
the identity functor of O^^. It is given by the following chain of isomorphisms, for 
each modules Mi, M2 

Homg(Mi,M2) = {Ml, DM2)* 

= {M{cujo),Mi,DM2)* 

= {M{cUJq)®Mi,DM2)* 

= Homg(M(ccjo)«'Mi,M2). 

The second isomorphism is as in Proposition 2.14(c), the other ones are as in Propo- 
sition A. 2. 6 below. A similar construction yields an isomorphism from — (g)M(cwo) 
to the identity functor. 

□ 

A. 2. 5. Proof of Proposition 7.2(6). Let us prove the following proposition. 

A.2.6. Proposition, (a) Let Mi,. . . Mn G and Mq, M„+i G . We have 

natural isomorphisms of vector spaces 

(Mo(8>Mi(8) • ■ • (8)M„, tM„+i) = Homg(Mo(8)Mi(g) ■ • ■ (8)M„, t£)M„+i)* 

= (Mo,Mi,...tM„+i). 

(6) // Mi = {Ni)f^ is a generalized Weyl module for each i G S then we have a 
natural isomorphism of vector spaces (Mi, M2, . . . , M„) = Ho{g, Ni®N2®- ■ -^Nn). 

Proof: First, observe that the module Mo(8)Mi(g) • • • (8)M„ lies in the category 

by Proposition A. 2. 4(a). Thus to prove the first equality in (a) it is enough to 
check that for each modules M, N in d)^^ we have a natural isomorphism of (finite 
dimensional) vector spaces 

(A.5) (M, W)* = Homg(M, ^DN). 

The right hand side of (A. 5) consists of the families of linear forms 

(/a,m) en0(^^A®iV^)* 
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which vanish on the set 

{(Cm) (g) n + TO ig) (tin); y^€g,meM,ne N}. 
We claim that the obvious inclusion 

factors to a natural isomorphism 

Homg(M, ^DN) Homg(M W, C). 
The definition of the set of affine coinvariants yields 

{M,m) = Ho{g,M(S)m). 

Therefore there is a natural isomorphism 

Homg(M (g) W, C) = (M, W)*. 

Now we check our claim. The injectivity is clear. To prove surjectivity, fix 

(/a,^) e Homg(M ® W, C), /a,^ € (Ma N^)*, 

and fix a finite subset Set* such that is generated by the subspace ©^^^ A^p- 
Fix also A and x G Ma- For each the weight space is spanned by elements 
of the form y = with z € A^^, 7 6 5 and (, G U{gK) of weight n — ^. For all 
except a finite number the weight space Ma_^+7 vanishes, hence 

/A,/x(a; ®y) = -fxAitOx ®z)=0. 

So /A,j:i = for all fj, except a finite number. This proves the claim. 

The vector space (Mq, Mi, . . . tM„_|_i) is finite dimensional, because the modules 
Mq, Ml, . . . Wn+i are quotient of generalized Weyl modules. Therefore, the same 
argument as in [KL, sec. 13.4] yields the second isomorphism in (a). 

Now we concentrate on (6). The inclusions Ni c Mi, i G S, yield an inclusion 
Ni c Mj. Taking the coinvariants we get a natural map 

Ho{g, ATi (g) A/-2 (8) ■ • ■ (8) iV„) (Ml, Ms, ... , M„) 

which is invertible by [KL, prop. 9.15]. 

□ 

A. 2. 7. Proof of Proposition 7.2(c). 

A.2.8. Proposition. I/k^ Q^o the functor takes Of^^^ x and x O^^^ 
mto O^,. 

Proof; Fix a module Mi in O^^,^ and a module M2 in O^^. The module Mi(8)M2 
belongs to the category ^y Proposition A. 2.4. Fix a finite set B such that M2 
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and Afi®M2 belong to the subcategory To unburden notation we'll write 

B = ^Ol^i^. Recall that B is a highest weight category with a weak duality functor 
^D. To prove the claim it is enough to check that we have 

Ext^(Mi(g)M2, ^DM) =0, VM G A^. 

See [D, prop. A.2.2{iii)]. Fix a module P G SP™j which maps onto M. Since P, 
M both lie in B^, the kernel K of the surjective map P ^ M lies also in B^ [D, 
prop. A.2.2{v)]. Since ^DP is injective we have also 

Ext^(Mi(8)M2,t£'P) =0. 

So the long exact sequence of the Ext-group and the Proposition A. 2. 6(a) yield 

dimExt^(Mi(g)M2, +£>M) = dim(Mi, M2, tP)-dim(Mi, M2, ^K)-dim{Mi, M2, +M). 

The right hand side is zero by Lemma A. 2. 10 below. 

□ 

A.2.9. Definition. If M € Olf^ we write [M : A) for the coefficient of [M] along 
the element [M(A)^] of the basis of the free Abelian group [O^^] consisting of the 
standard modules. If M £ Ol^ we write [M : A) for the coefficient of the element 
[M] along the element [M(A)i/] of the basis of the free Abelian group [Ol^] consisting 
of the standard modules. 

A.2.10. Lemma. Let k ^ Q^o- For Mi, M2 e and M G O^^^^ we have 
dim(Mi, M, tM2) = ^ (Ml : Ai) (M2 : A2) (M : m) (M(Ai), L{n) : A2), 

where /j. runs over and Ai, A2 run over 

Proof : First assume that M = M(/t), Mi = M(Ai)^ and M2 = M(A2)^. Note 
that +M2 is again a generalized Weyl module. Thus Proposition A. 2. 6(6) yields 

(Mi,M,tM2) = i/o(0,M(Ai), ® L(Ai) ® W(A2)„) 

= Hom0(M(Ai). ® L{ii), t£)M(A2).)*. 

Since the module M(Ai)y (g) L{n) lies in O^, the Hom space above has dimension 

(M(Ai).®L(m) : A2) 



by [D, prop. A.2.2(m)]. The proof is the same if M, Mi, M2 are generalized Weyl 
modules. The general case follows as in [KL, lem. 28.1]. 

□ 



52 



M. VARAGNOLO, E. VASSEROT 



A. 2. 11. Proof of Corollary 7.3. The duality functor D equip (O^o.k, ®, a) with 
the structure of a rigid monoidal category, see [KL]. This means that there are 
natural morphisms in C^o,k; 

iM ■■ M{aoo) M®DM, cm ■ DM®M M{aJo) 

such that the following hold 

(a) for any Mi, M2 e 0^?,„ the map Homg(Mi, DM2) Homg(Mi(8)M2, M(cwo)) 
such that f ^ ° (/ ® 1) is an isomorphism, 

(b) the compositions below are equal to the identity 

M = M(cwo)«)M*^^^^^ M®DM®M M®M{cujo) = M , 

DM = DM(g)M{cujQj'^^^ DM®M^DM -^^M{cujq)<^DM = DM . 



Therefore, for any Mi, M2 G and any M € 0^o,k the composed map 

Homg(Mi, M2(8)M) — ^Homg(Mi(g)Z)M, M2®M^DM) — )■ 
— )-Homg(Mi(8)£)M,M2(8)M(ca;o)) = Homg(Mi(8)£)M, M2) 

is an isomorphism whose inverse map is the composition of the chain of maps 

Homg(Mi(g)DAf, M2) — >Homg(Mi(8)DM(8)M, M2®M) — 5- 
— >-Homg(Mi(8)M(cwo), M2(8>M) = Homg(Mi, M2(8)M). 

Thus the functors — (8>M, —®DM are adjoint (left and right) to each other. Since 
every right (resp. left) adjoint is right (resp. left) exact this implies that the functor 
— (g)M is exact for each module M in 0{,1^k. The same holds for the functor M®— . 

A. 3. Reminder on induction. Let i? be a commutative ring with 1. A i?-split 
induction datum is a quadruple (o, b, c, F) where is a i?-Lie algebra which is free 
as a i?-modulc, b, c arc; supplementary i?-Lie subalgebras of a and F is a b-module. 
The corresponding induced module is 

rg(F) = U{a) ^uw F. 

For each a- module E the assignment ai8)e(g)/i-7-^aie(8>a2(8)/, where J2^i'^^2 
is the coproduct of a, yields a a-module isomorphism 

THE ®n F)^E®nmF)- 

This isomorphism is called the tensor identity. There is also a c-module isomor- 
phism [KL, sec. II. A] 

T'{F) = Uic) ®RF~>TliF). 
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A. 4. Reminder on the Fock space. This section is a reminder from [U]. Fix 
an integer e > 1 and a tuple s € Z^. First, we recall the definition of the Fock 
space Focfcgo g, a s(e-module of level £ equipped with three remarkable bases. As a 
vector space, it is the limit of a filtering inductive system of vector spaces A'^ with 
fc > 0. Each A*' is equipped with a level zero representation of stg. We give the 
definition of A*^ in the second section. Next, we introduce a particular submodule 
c A™ for each integer m > and each composition y G Cm,e- We do not give 
the construction of the inductive system above, we'll not use it. However, in the 
particular case where v = s we define explicitly the linear map 

A** Focks'>,e- 

This section does not contain new results. Most proofs can be found in loc. cit. and 
will be omitted. 

A. 4.1. The fock space and its canonical bases. Let Ca, fa, a G Z/eZ, be the 

Chevalley generators of the affine Lie algebra slg. For each s G Z^ the vector space 



Fockso^e = C|A, 



is equipped with a level £ representation of slg and with two canonical bases 

(g(A,s°,e)±;AeP^). 
We define matrices = (V^^ g) and A='= = (A^^ ^) such that 



We have the following formula [U, thm 5.15] 

A. 4. 2. The sle-modules A™, A^. We define a representation of sie on the vector 
space U = 0a£z by the following formulas : for 6 G Z/eZ and a G Z we set 

eb(Ua+l) = Ua, fb{Ua) = Ua+1 if 6 ^ 0, a G 6, 
eo(Ua+l) = Ua+e-^ei, .fo{Ua) = "a+l-e+e^ if a G eZ, 

eb{ua) = h{ua) = else. 

It yields a representation of sie on the m-th exterior power A™ = A"^U for each 
m > 0. Write 

|a) = A A ■ • ■ Ua^, Va = (ai, 02, . . . am) e Z™ . 

The vectors |a) with a G Z™ form a basis of A™. Let (^?(a)+), {g{a}^) denote the 
canonical bases of A"* introduced in loc. cit. 
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Now, fix a composition v G Cm,i- We'll define a 5le-submodule A'' C A™. First, 
for each integer a let 

Pa e A, Ca G Z/eZ, Ta, (t)a & 

be defined by 

a = Ca + e{pa - 1) + e£ra, 4>a=Ca + era- 
This yields the bijection 

(A7) Z™^ □ Z^;xM, a^(a,i/), 

where a = (ai, 02, . . . am), cc = (0a^(i) 5 ■ • ■ 4>a^(^) ) and w G 6 is minimal with 

(Pa»a)'•••^'a»(^,) = (^''^•••2^^1''^)• 

For example take e = 2, ^ = 3, m = 7, a = (3, 1, 0, -2, -4, -6, -7). Then we 
get v = (2, 2, 3) and a = (0, -2, -3, 1, 0, 1, 0). 

Let A." C A™ be the subspace spanned by the basis elements |a) such that a 
maps to ZJ^o X {v°} under {A.7). One can prove that it is a sle-submodule. Let us 
described explicitly this module. Fix a tuple s = {sp) G if-. We'll define three bases 
of A" whose elements are labeled by Z^^. The stg-module does not depend on 
s. The tuple s enters only in the labelling of the bases elements. Let Jp = J^^p be 
as in Section 1.4. Given a m-tuple A G Z^^ let 

a(A,i/,s) gZ^„ 

be the m-tuple whose j-th. entry is \j + ip — j + Sp for j G Jp, and let 

a(A,i/,s)GZ™ 

be the unique m-tuple such that (A.7) maps a(A, v, s) to (a(A, s), 

For example take e = 2, ^ = 3, m = 7, = (2, 2, 3), A = (2,0,1,-3,1,-2,-4) 

and s = (1,1,4). Then we get a{X,i/,s) = (3,0,2,-3,5,1,-2) and a{X,i',s) = 

(13,11,4,1,0,-9,-10). 

We define the following elements of A™ 

|A, 1^, s°,e) = \a{X, v, s)), g{X, v, s°,e)^ = Q{a{X, v, s))^ . 

For each X, fi E Z™ and each 6 G Z we write aA/x if there exist j € J such that 

Xj = b, fij ^ b + 1, and Xi — fii if i ^ j. 

A. 4. 3. Proposition, (a) The elements \X,v, s° ,e) , Q{X,v, s° ,e)'^ andQ{X,v,s° ,e)~ 
are basis vectors of A" when X runs over Zi^^. The representation of slg in is 
given by 

ea(|/x,j/,s°,e)) = ^ |A,i/,s°,e), /a(|A, j/, s°, e)) = ^ z/, s°, e), a&l/eZ, 

6, A 6,ju 
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summing over all integer b and all X, fi such that b G a and a(A, v, s) — >■ a{n, u, s). 

(b) For each tuple fi e Z^^ we have 

g{n, y, s\ e)- = ^(-l)K''x)-^K)p7,-i (i) |a, s°, e). 

A 

The sum is over all tuples A such that vx*j = a{X, u,s)—p and v^»^ = a{iJ,, v,s)—p 
with 7 e 2t, vx, G &^ and ^ v\. 

(c) If V = s there is a unique linear map A* Fockgo^g such that |A, s, s°,e) t-^ 
|A°,s°,e), \fi,s,s°,e) and g{\, s, s° ,e)'^ ^ a(A°,s°,e)± for X G N^o and 

A. 4. 4. Remarks, (a) li v = s then we have 

a{X,s,s) - p = X-^, 

where tt is as in Section 8.1. 

(b) Proposition A.4.3(6) is [U,thm. 3.25-3.26]. The tuple a{X, s, s) which is used 

in Proposition A. 4. 3(c) differs from the combinatorial definition in loc. cit. Let us 
explain this and let us explain how to deduce the lemma from loc. cit. For any 
^-partition A and any tuple s G we write 

a{X,s) = {cs{i,Xp^i + l,p);i > 0,p G A}, Cs{i,j,p) = Sp + j - i. 

Set A = {a{X, s); X G V^, s G Z^}. In the particular case where £ = 1 we write A, 
a, A for A, a, A. Consider the bijection 

A^ A, at-^ a = {{(j)a,Pa);a G a}. 

Let a 1— ?■ a denote the inverse map. 

Next, fix an integer m > and a composition s G Cm,e- For each A G "P^ there is 
a unique A G P such that a(A, m) = a{X, s). This yields a map V , X t-^ X. 

Now let A G V^. The set q;(A°,s°) is wcll-dcfincd, it belongs to A. For each 
integer fc > let a(A, k, s°) be the tuple consisting of the k largest entries of 
a{X°, s°) arranged in decreasing order. This tuple belongs to Z'^g. 

Assume further that A is indeed a tuple in N?.^ which is viewed as a i'-partition 
as in Section 1.5. Then a direct computation yields m ^ ^(A). Using this inequality, 
another computation yields 

a(A, m, s°) = a{X, s, s). 

So Proposition A. 4. 3(c) follows from [U, sec. 4.4]. 
For example take 

6 = 2, e = 3, m = 6, A=((l,l),(2,l),(l)), s = (2,3,l). 

We can identify A with the tuple (1, 1, 2, 1, 0, 1) G NJ^. Since A = (9, 4, 3^, 1^) we 

have m = 6 = 1{X). Wc have also a{X,s,s) = (3,2,5,3,1,2). Thus a{X,s,s) = 
(15, 11, 9, 6, 3, 2) by definition of {A.7). The tuple a(A, s, s) coincides with the first 
six entries of a{X°,s°) arranged in decreasing order. 
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A. 5. The functor € for £ = 1. In this section we'll set ^ = 1, = (m) and 
n ^ m. Recall that we have identified the set of partitions of n with a set of 
integral dominant weights in (1.1). Write 

for each dominant weight A. See Section 6.1 for details. Let 

be the Serre subcategory generated by the modules S'a.^o.k with A e Vn- It is 
a quasihcrcditary category with respect to the order <. see e.g., Proposition 8.7. 
Since i = 1 the algebra llh,H is the rational DAHA of GL„(C) with the parameter h 
and Aq^Q is the Hecke algebra of GL„(C) with the parameter q. Set q = exp{2inh). 
Note that 

is Suzuki's functor. The aim of this section is prove the following theorem. 

A. 5.1. Theorem. Assume that k ^ Q^o^ h = 1/k and n ^ m. Assume also that 
{q+l){q^ + q+l) ^ 0. The functor (£ restricts to an equivalence of quasi-hereditary 
categories An,^o,K. — > 'Hh,H which takes Aa,>o,k; to I^\,h,H for each X GVn- 

To prove Theorem A. 5.1 we need some material. Let A be a finite dimensional 
C-algebra with 1. Let {A,AJ^,F), {B,Ab,G) be C-linear 1-faithful covers of A. 
See [R, def. 4.37] for the terminology. Hence 

F :A->- A-mod^^*, G : B ^ A-mod^^ 

are functors which restrict to equivalences of exact categories 

^ (A-mod)^(^^), ^ (A-mod)^(^«) 

by [R, prop. 4.41(2)]. The following lemma follows easily from loc. cit. 

A. 5. 2. Lemma. Assume there is a functor (f) : A ^ B such that F = G o cj) and 

0(A_4) = Ag. Then (j) yields an equivalence of exact categories A^ B^ . In 
particular 4> is fully faithful on A^^°-' and it takes a projective generator of A to a 
projective generator of B. 

We'll also use the following lemma. 

A. 5. 3. Lemma. Let cj) : A^ B be a functor of Artinian Abelian categories and P 

be a projective generator of A. Set Q — 4>{P)- Assume that 

(a) the module Q is a projective generator of B, 

(b) the functor (f) is fully faithful on ^p™^, 

(c) the category A has finite projective dimension, 

(d) the functor <p is right exact. 
Then (j) is an equivalence of categories. 

Proof : Note that (a), (6) imply that the categories A, B are equivalent. We must 
prove that the functor (f) is an equivalence. Set 



A = (End^P)°P, B = (EndBQ)°P. 
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The functor 

Honie((5, -):B^ B-mod^'» 
is an equivalence by (a). Thus it is enough to check that the functor 

G = HomB(Q,^(-)) :^^>B-mod-'^» 

is an equivalence. Note that (j) yields a ring homomorphisni A — )■ B. So we have 
the functor 

F = B(g)A Hom^(P, -):A^ B-mod^», 
and the morphism of functors 

^:F^G, rO/M- r(j){f). 

The ring homomorphism </> : A — > B is invcrtible by part (6). The functor 

Hom^(P, -):A^ A-mod^» 

is an equivalence. Thus F is also an equivalence. Therefore it is enough to prove 
that $ is a isomorphism of functors. 

First, assume that M = P. Then F{M) = G{M) = B and $(M) is the identity 
of B. Next, let M be a projective object of A. Then the morphism in B-mod-'^^ 

$(M) : F{M) G{M) 

is invertible. Indeed, we may assume that M is indecomposable. Then M is a 
direct summand of P. So $(M) is the identity of the B-module B(^(a) for some 
idempotent a e A. Finally, let M be any object of A. By (c) the projective 
dimension of M is e < oo. Fix an exact sequence 

0->-M2^Mi^M->-0 

with Ml e ^P''°J and M2 G A of projective dimension < e. Consider the diagram 
F(M2) ^ F(Mi) F{M) 

G{M2) G{Mi) G{M) 0. 

Here the vertical maps are ^{M^), $(Mi) and $(M). The functor G is right exact 

by (d). Thus both rows are exact. We may assume that $(M2), ^(Mi) are both 
invertible by induction on e. Thus $(M) is also invertible by the five lemma. We 
are done. 

□ 

A. 5. 4. Proof of Theorem A. 5.1. First, observe that €{Ax^^o^k) = Ax,h,H for 
each A £ Vn by Proposition 6.2(a). Thus it is enough to check that <E is an 
equivalence of categories j^%o,k ~^ T^h^h- 
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The hypothesis (c), (rf) in Lemma A. 5. 3 are obviously true. By [R, thm. 5.3] the 
functor 

G = KZo^ -.B^ A-mod-^» 
is a 1-faithful cover. We claim that the functor 

F = Go^ : A-mod^'? 

is also a 1-faithful cover. Therefore (/> satisfies also the hypothesis (a), (&) in Lemma 
A. 5. 3, by Lemma A. 5. 2. Hence (p is an equivalence of categories. Now we prove the 
claim. Write 

Proposition 7.6 gives an algebra homomorphism 
(-4.8) A A„,«,^o 

such that 

F = Homg(V„,«,>o,-), 

up to a twist by some duality functor that we omit to simplify. Let Uq{Q) be the 
quantized enveloping algebra of q with the parameter q and let Vg be its vectorial 
representation. Under the Kazhdan-Lusztig tensor equivalence [KL, thm. IV. 38.1] 
the category 0:^0, is equivalent to the category of finite dimensional J7q(0)-modules. 
Therefore the ring homomorphism (A. 8) is invertible, because it is taken to the 
isomorphism 

A^End^,(,)(Vf") 

given by the Schur-Weyl duality. Thus the functor F is taken to the Schur functor 

M^Hom^,(0)(Vf",M). 

It is well-known that the Schur functor is a 1-faithful cover, see [R, rem. 6.7] and 
the reference there for instance. Hence F is also a 1-faithful cover. 

□ 

A. 5. 5. Remark. The idea to use the Kazhdan-Lusztig equivalence to prove The- 
orem A. 5.1 is not new. However we have not found any proof of Theorem A. 5.1 in 
the literature. 

A. 6. Proof of Proposition 8.7. By [CPS, thm. 3.5(a)] it is enough to prove the 
following. 

A. 6.1. Proposition. If^x + 'K^X + 'K, AG 'Pn,s and /i e then /x e 'Pn,s- 
Proof : Recall that A <i iff there are /xi, /U2, • . • , Mr S such that 

A = /Xi < /i2 < /is < ■ • ■ < Mr = A 

and such that /ij+i = WiS^i • Ai for some aj € Lire \ and some Wi € ©g. Now, 
assume that /x-|-7r<A-|-7r, Ae 'Pn,sj and /x G Z^^. By an easy induction we may 
assume that 

fi + n = wsa» {X + ir), (A + p + TT : a) G Z>o, aGn+\ns, w G 6s. 
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So we have = n, and we must prove that /ii,/i2, • • • ,Mto are > 0. There is an 
unique map 

C" ^ C^, A H-^ A 

such that Ai, A2, . . . Am are the entries of A + tt + p and Xj+m = Xj — k for all 
j G Z. Under this map the dot action of the affinc reflection Sa is taken to the 
linear operator which switches the (a + fcm)-th and the (6 + A;m)-th entries of any 
sequence for each k £ Z and some fixed integers a ^ b. We have Xj > 0^ for all 
j € Z. We must check that the same liolds for the entries of /2. 

Recall the partition J = Llpg^ Js,p with Jg^p = [ip,jp]- Since n € it is enough 
to prove that we have 

Mji ^ Oji ; P'j2 ^ Oj2 > • • • P-ji ^ Oj> • 
The ^-tuples {ip), (jp) can be regarded as sequences of integers such that 
ip+e = ip + m, jp+e = jp + m, Vp e Z. 

For all p £ Z we set also Js,p+i = Js,p + n^- Now fix p, q such that 

G Js,p^ b G Jg^q. 

It is enough to prove that /ij^ ^ Oj^ and that fij^ ^ 0^^ . Assume that b > a. Then 
q > p because a ^ Ug. Since Aa > A^ we have 0^^ — 0^^ € Z. Since k ^ M^o we 
have Oj^ > 0^^,. Note that 

i G Js,p} = {Ai; i £ Js,p} \ {Aa} U {A;,}, 
{Mil i e Js,g} = {Ai; i G Js,g} \ {Xb} U {Aa}. 

Therefore we have 

P'jp = inf{Ai;« G -^s.p} > inf({Ai;i G Js,p} U {Ab}) > inf{Oj^, OjJ > Oj^, 
Mj, = inf{Mi;^ G -^s.g} > inf({Aj;i G J^,,} U {Aa}) > inf{Aj;i G J^.g} > Qj^. 

a 



Index of notation 

0.1 : [A], [M], A^, Aa, ^P™j, Afs, 
0.2 : 'f'M, 

0.3 : M[X], Mr, M^, M^, 

1.1 : De, 6„, W^, A W^A, A, e, eu stj, sg, 

1.2 : Xj, yj, H/j_^, 'H.h,H, 
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1.3 : R, R*, yu 

1.4 : Cm,ii Cm,£,m J: Jp — Jv,pi ipi jpi C^q) ^>o' ^>o' "^ni '^(•^)) l-^l; ^ri' ^ ' '^n,vi 

1.5 : Xp, Irr(C6„), Irr(CW^), Xa, 6^, W^, w;^, T, 

1.6 : 'Kh,H, hI^jj, Ax,h,H, Sx,h,H, P\,h,H, eu, euo, ^a, >, 

1.7 : RnJ, Cn,e, Mn^e, B, B„^£, Hft^ij.n,^, 

2.1 : 0, G, g^, b, t, T, a, ii, A, Aj, A, Aj, p, a^, /, 11, 11+, ek,i, e,, L(A), Xa, V, 

V* 

^ p 7 

2-2 : g, gjo, b, g, b, g, b, g^o, 1, 5, t, 0^, g^, fl, 11+ , Hre, S, wq, I, at, { : ), 

2.3 : c = K-m, g_R,K, 

2.4 : Cij,„, Qk,«, M(r), M((^), 

2.5 : ^W, L«, O, 

2.6 : »M, tM, M*, M'*, D, 

2.7 : q, 1, O^, q^, f}^, q,., 

2.8 : M,, M,,«, M„ L(1)„A), M(A)„ M(A)„ A = A + cwq, M(A), O^^, 
2.10 : q, Ma, A, zx, 

2.12 : z„ X,, Pi, t^, (Mi;i G 5*)^, S, x, Cn, R„, e 5'), 

2.17 : B„, T(M), 

2.19 : Vi, 7i, 7i,j, 

3.1 : 5, 0p, [}, F, g^, g^, 

3.2 : Ol, 61,^,, C^, F', M{\r, b, 
3.3: <7g,X(M), (!:(M), 

3.9 : Pi, , af , (Mi;i e 5), (Mi;i e 5)', 
4.1 : A^, A^, TT, 7, 

4.4 : T(Af',M), £(M',M)„,^, 

5.1 : 6, «; . A, n(A), e(A), Ha, ©a, tt., 6„ t^, 

5.2 : A+, sn(A), <, 

5.5 : z, 3, ^A, ^O,,,, 
5.7 : a, 

5-8 : P^:-\ 

6.1 ; £, A,r, AA,iy,K) 'S'A,y,K, ^P\,v,ki 

7.1 : (0^?,,,®,a,M(cu;o)), 

7.4 : A,,Q, KZ, €kz, 

8.1 . t/4.Sj— 

8.3 : Sg,Q, AA,g,Q, Sx,q,Q, 

8.5 . t^rijS, — e? 
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8.9 

A.2 
A.3 

A.4 
A.5 



(E), C, 

Fockso,e, e(A,s°,e)±, |A,s°,e), V±^_,„_„ A±^_^„_^, A™, A^ a4m, 

^X,^o,Ki 'S'a,>o,K) "^njSsOjK- 
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